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Preface

This book presents the two central concepts of gquantum mechanics in
such a way that non-technical readers will learn how 1o work simple ycl
meaningful problcms, as wcll as grasp thc conceptual bizarreness of the
guantal world. Those two central concepts arc: (1) The outcome of an
experiment cannot, in gencral. be predicted exactly; only the probabilities
of the various outcomes can be ifound. {2) These probabilities arise through
the interterence of amplitudes.

The book is based on a short course (only fourteen lectures) that I have
presented to general-audience students at Oberlin Collcge since 1989. and
thus 1t 1s suitable for use as a course textbook. But it is also suitable
tor individual readers looking for intcllcctual adventure. The technical
background needed to understand the book is limited to high school
algebra and geometry. More important prercquisites ar¢ an open mind. a
willingness to question your ingrained notions, and a spirit of exploration.
Like any adventure, reading this book is not easy. But you will find it
rewarding as well as challenging, and at the end you will posscss a genuine
understanding of the subject rather than a superficial gloss.

How can one present a {cchnical subject like quantum mechanics to
a non-tcchnical audicnce? There are several possibilities. One 1s to
emphasize the history of the subject and anccdotes about the tounders
of the field. Another is to describe the cultural climate, social pressures,
and typical working conditions of a quantum physicist today. A third
is 10 describe usctul inventiens. such as the laser and the transistor. that
work through the action of quantum mechanics. A tourth is to outline i
general terms the mathemuatical machinery used by physicists in solving
quantum mechanical problems.

[ find all four of these approaches unsuatisfactory because thcy emphasize
guantum physicists rather than quantum physics. This book uses instead
a Bfth approach, which emphasizes how nature behaves rather than how

<1



X1 Preface

humans behave. Humans have certainly bcen very clever in discovering
and using quantum mcchanics, and 1 am proud of our spccics for its
activities in this regard. But in this book (except for thc appendices) the
focus rests squarely on nature and not on how we study nature.

In order to solve problems in quantum mecchanics, the profcssional
physicist has erected a gigantic and undoubtedly elegant mathematical
cdifice. This cdificc is necessary for finding the answers to specific prob-
lems (which is, alter all. what physicists are paid to do), but it oficn
conceals rather than reveals the underlying phvsical principles ot quan-
tum mechanics. Physicists, in fact, arc often clumsy in their use and
understanding of quantum mechanics’'s ¢central concepts; they are pro-
tected from them by a screen of mathcmatics. (The very name “quantum
mechanics™ memorializes an aspect of atomic physics that is niot central
to guantum mechanics and that appcears in the classical world as well.)
This book aims lo strip away the machinery of the cdifice and bare the
raw ideas in their naked form.

Aun analogy helps to cxplain this aim. Thc professional automobile
mechanic must be familiar with crankshafts and camshafts, pistons and
plugs, transmissions and timing. His tamiliarity enables him to rcpair cars
and carn his salary. Yet these practical and interesting devices are irrcl-
cvant to the central concept of how a car works  which 1s simply that
hot air cxpands, whence heat lrom burning gasoline can be converled 1nto
motion. Many excelient mechanics are in fact unlamiliar with this central
concepl. A book on the fundamental workings of automobiles would dis-
cuss heal and motion. but would not tell you how to give your car a tunc-
up. You should expcct analogous discussions here: no more and no less.

Above | have descnbed the direct goals of this book. Two other goals are
indirect ycl just as important. First. [ aim to describe scientific thought —
its character. its strengths, (ts limitations — and to inspirc an appreciation
for the clegance. economy, and beauty of scicntific explanations. Second.
I hope 1o demonstrate the importance and power of reason as a tool for
solving problems and probing the unknown. Thc popular press is fond of
misstatements like “the beliel in an objective rcality. accessible to reason,

suffcred a death blow with the advent of modern physics™® The
truth is that quantum mechanics is unfamiliar, non-common-sensical, and
weird, but it is perfectly logical and rational. Indeced, in the bizarre world
of quantum mcchanics, it is logic, and not common scnsc. that is the only
surc guiding light. In today’s cultural atmosphere  wherc in-your-face
power play has largely displuced rational debate in the arcna of public
discourse  this point cannot be overemphasized.

* Sources for dircct quorations are gathered 10 appendix C on pape 1338



Preface xiil

This book describes quantum mechanics as most physicists understand
it today. All saentific knowledge is tentative and the pillars of quantum
mcchanics are no exception. In addition, the experiments and principles
described here are all subjcct to interpretation. [ present the standard
interpretation, which is not the only one. (I give only fleccting mention to
alternative interpretations and formulations not because they are incorrect
or unimportant, but because onc must have a firm grasp on the standard
intcrpretation before moving on (o the alternatives.)

Technical aside: Sometimes it is use(ul 10 make a point that
s rather technical and that is not essential for developing
the book’s argument. Such technical asides arc labelled and
indented, like¢ this sample.

Producing a complctely honest vet non-technical account of guantum
mechanics is an audacious cnterpnse, and while developing this treatment
[ have reached out for hclp from many peoplc. I need to thank first
the 985 Oberlin College students who have, since 1989, taken the course
which led to this book. Their questions, objcctions, doubts. exalement.
enthusiasm. and triumphs have inspircd many changes — improvements,
I hope in the content and presentation given here, as well as in my
own understanding of quantum mcchanics. In the spiing of 1996 [ served
as associate instructor for the computer conference course " Demystilying
Quantum Mechanics™. developed and taught by Edwin F. Taylor. Working
with Professor Taylor and the fifteen intrepid students in that class (mostly
high school teachers scattcred across the nation) was a pleasure that
further refined my understanding and this book’s presentation.

I received helpful direct comments on this treatment from many of the
students mentioned above. and from Gary E. Bowman, Amy Bug, Pcter
Collings, Rulus Ncal, Dan Sulke, Edwin I< Taylor, and four anonymous
reviewers. This 1s not to say that all of thesc readers approve of everything
| say here — indced. | know that somc of them disagree with mc on
Important points but | appreciate thc contribution that each onc of
them has made to this work. The illustrations were skillfully drawn by
Byron Fouts.

The development ol the course which led to this book was supported
by a grant from the Sloan Foundation. This acknowledgement may
sound like thc bland gratitude of somconc mecrely content to reccive
Sloan’s money, but it s not. The encouragement of the foundation,
and in particular of program ofliccr Samuel Goldberg, led me to delve
deeply 1nto quantum mechanics as a sel ol physical ideas rather than
as an elaboraic and somewhat mystical algorithm for solving problcms
in utomic physics. I have learned much in preparing this account, and
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I thank the Sloan Foundation for suggesting that someone other than
mysclf would be interested in what I Icarned.

[ invite you to join the community that has developed this approach and
this book. It you have access o the Internct you can send me computer
mail at address

Dan.Styer@oberlin.edu

and vou will find a World Wide Web page devoted to this book at
http://www.oberlin.edu/physics/dstycr/StrangeQM/

Comments on paper are just as welcome, and should be addressed to

Dan Styer

Physics Department

Oberlin College

Oberlin. Qhio 44074 1088 USA

| offcr vou my welcome and my best wishes. Enjoy!
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Introduction

1.1 Capsule history of quantum mechanics

Starting in the seventecnth century, and continuing to the present day,
physicists developed a body of idcas that describe much about the world
around us: thc motion of a cannonball, the orbit of a planet, the working
of an cnginc. the crack of a bascball bat. This body of ideas is called
classical mechanics.

In 1905. Albert Einstein realized that these ideas didn’t apply to objects
maoving at high spceds (that is, at spceds ncar the speed of light) and
he developed an alternative body of ideas called relativistic mechanics.
Classical mechanics is wrong in principle. but it is a good approsimation
to rclativistic mechanics when applicd to objects moving at low speeds.

At about the samc time, several experiments led physicists 1o rcahize
that the classical idcas also didn't apply to very small objects, such as
atoms. Over the period 1900 1927 a numbcr of physicists (Planck, Bohr.
Einstein, Heisenberg, dc Broglie, Schrodinger. and others) developed an
altcrnative quantum mechanics. Classical mechanics 18 wrong in principle,
but it is a good approximation to quantum mechanics when applicd to
large objects.

1.2 What is the naturc of quantum mechanics?

I'm not going to spend any time on the history of quantum mechanics,
which is convoluted and fascinating. Instcad. | will focus on the ideas
developed at the end. What sort of ideas rcquired twenty-cight years of
dcvclopment from this stclar group of scientists?

Einstein’s theory ol relativily 1s often (and correctly) described as strange
and counlcrintuitive. Yet, according (o a widely used graduate level texy,

]
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1 Introduction

[thc theory of relativity] is a modification of the structure of
mechanics which must not be confused with the far more violent
recasting required by quantum theory.

Murray Gell-Mann, probably the most prominent living practitioner of
the field, said of quantum mechanics that

Nobody fecls perfectly comfortable with it.

And the inimitable Richard Feynman, who developed many of the ideas
that will be expounded in this book, remarked that

I can safely say that nobody understands quantum mechanics.

One strange aspcct of quantum mechanics concerns predictability. Clas-
sical mechanics is deterministic — that is, if you know exactly the situation
as it is now, then you can predict exactly what it will be at any moment
in the future. Chance plays no role in classical mechanics. Of course, it
might happen that the prediction is very difficult to perform, or it might
happen that it is very difficult to find cxactly the current situation. so such
a prediction might not be a practical posstbility. {(This is the case when
you flip a coin.) But in principle any such barriers can be surmounted
by sufficient work and care. Relativistic mechanics is also deterministic.
In contrast, quantum mechanics i1s probabilistic that i1s. cven in the
presence of exact knowledge of the current situation. it is impossible to
predict its future exactly, regardless of how much work and care one
invests in such a prediction.

Even stranger, however, is quantum mechanical interference. 1 cannot
describe this phenomenon in a single paragraph — that is a major job of
this entire book — but ! can gife an example. Supposec a box is divided
in half by a barrier with a hole drilled through it. and suppose an atom
moves from point P in one half of the box to point Q in the other half.
Now suppose a second hole is drilled through the barrier and then the
experiment is repeated. The second hole increases the number of possiblc
ways to move from P to Q. so it is natural to guess that its presence will
increase thc probability of making this move. But in fact — and 1n accord
with the predictions of quantum mechanics — a second hole drilled at
certain locations will decrease that probability.

1 7
Pl.| |P].
[Q ' Q

The fact that quantum mechanics is strange does not mean that quantum
mechanics is unsuccessful. On the contrary, quantum mechanics is the most



1.4 The role of mathematics in quanium mechanics 3

successful thcory that humanity has ever developed: the brightest jewel in
our intellectual crown. Quantum mcchanics undcrlics our undcrstanding
of atoms, molecules, solids, and nuclei. It is vital for explaining aspects
of stellar evolution, chemical reactions. and the intcraction of light with
mattcr. It underlies the operation of lasers, transistors, magnets, and su-
perconductors. 1 could citc rcams of cvidence backing up these asscrtions,
but I will content myselt by describing a single measurement. One electron
will be stripped away from a helium atom that is exposcd to ultraviolct
light below a certain wavclength. This threshold wavelength can be deter-
mined experimentally to very high aecuracy: it is 50.425 929 9+ 0.000 000 4
nanometers. The threshold wavelength can also be calculated from quan-
tum mechanics: this prediction is 50.4259310 + 0.0000829 nanometcrs.
‘The agrcement between observation and quantum mechanics is extraordi-
nary. If you were to predict the distance from New York to Los Angeles
with this accuracy, your prediction would be correct to within the width of
your hand. In contrast, classical mechanics predicts that any wavelength
of light will strip away an electron, that is. that there will be no threshold
at all.

1.3 How small is small?

[ said above that the results predicted by quantum mechanics differed
from the results predicted by classical mechanics only when these idcas
wcre applied to “very small objects, such as atoms”. How small is an
atom? Ceclls are small: a typical adult contains about 60 tnlhion cells. But
atoms arc far smaller: a typical cell centains about 120 trillion atoms.
An atom is twice as small, relative to a cell, as a cell is small. relative
{o a person. In this book, when I say “small”™ [ mean “cery small”.
You’ve never handled objects this small; I've never handled objeccts this
small; none of your friends has ever handled objects this small. They
arc completely outside the domain of our common experience. As you
read this book, you will find that quantum mechanics is contrary to
common scnsc. There is nothing wrong with this. Common sense applies
to commonly cncountered situations, and we do not commonly encounter
the atomic world.

1.4 The role of machematics in quantum mechanics

Onc 1requently hears statements to the effect that the ideas of quantum
mechanics are highly mathematical and can only be understood through
the use of complex mathematics (partial diflerential equations, Fourier
transforms. eigenfunction expanstons, etc.).
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Onc can popularize the quantum theory [only] at the price
of gross oversimplification and distortion, ending up with an
uneasy compromisc between what the facts dictate and what it
is possiblc 10 convey in ordinary language.

It is certainly true that the professional physicist needs a vast mathc-
matical apparatus in order to solve efficiently the problems of quantum
mechanics. (For cxample, the calculation of the helium stripping thresh-
old wavclength described above was a mathematical tour de force.) But
this is not, 1 believe,” because quantum mechanics itself is fundamentally
diflicult or mathecmatical. I believe instead that the root rules of quantum
mechanics are 1n fact quitc simple. (They are unfamiliar and unexpected,
but nevertheless simplc.) When these rules are applied to particular situ-
ations, they arc used over and over again and thercfore the applicutions
are complicated. An analogy helps cxplain this distinction. The rules of
chess are very simple: they can bc writtcn on a singlc page of paper. But
when thesc rules arc applicd to particular situations they are used over
and over again and resull in a complicatcd game: the applications of the
chess rules fill a library.

Indeed, can any fundamental theory be highly mathematical? Clectrons
know how to obey quantum mcchanics, and clcctrons can ncither add nor
subtract, much less solve partial differential cquations! If somcthing as
simple-minded as an electron can understand quanturs mechanics, then
ccrtainly something as wonderfully complex as the reader of this book
can understand It too.

“ Not evervone agrees with me.
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Classical Magnetic Needles

How shall we approach the principles of quantum mechanics? One way is
simply to write them down. In fact I have already done that (in the first
paragraph of the Preface), but to do so I had to use words and concepts
that you don’t yct understand. To develop the nceessary understanding |
will usc a particular physical systcm as a vehicle to propel our cxploration
of quantum mcchanics. Which system”? An obvious choice is the motion
of a tossed ball. Unfortunately this system, while simple and familiar in
classical mechanics, 1s a complicated one in quantum mechanics. We will
eventualty get 10 the quantum mechanics of a tossed ball (in chapter 14,
“Quantum mechamcs of a bouncing ball”, page 103), but as the vehicle for
developing quantum mechanics 1 will instcad use a system that is simple
in quantum mechanics but that is, unfortunately, less familiar in daily
life. That sysicm is the magnetic necdle in a magnetic field. This chapter
describes the classical motion of a magnctic needle so that we will be able
to see how its classical and quantal behaviors differ.

2.1 Magnetic needle in 2 magnetic field

A magnetic ncedle — like the onc found in any woodsman’s compass —
has a “north pule”™ and a “south pole™. | will symbolize the magnetic
needle by an arrow pointing from its south pole to its north pole. When
a magnelic needle is placed in a magnetic field — such as the magnetic
ficld of thc earth. or that produccd by a horscshoc magnct — then the
magnetic field acts to push the north pole in the dircction of the ficld,
and to push the south pole in the direction opposite the field. (It is not
important for you to understand in detail how this effect works or even
what thc phrascs “north polc™ and “magnctic ficld™ mcan. Rcmcember
that this chapter inercly builds a classical scaffolding that will be discarded
once thc correct quantal structure is built.) Thesc two pushes together

5,



6 2 Classical Magnetic Needles

twist thc ncedle towards an orientation in which the associated arrow
points in the samc direction as the field. If the needle starts out pointing
parallel (o the maguetic field, then it keeps on pointing in that direction.
If the ncedle starts out not pointing parallc! to the magnetic field, then
it oscillates back and forth about this preferrcd direction. (If friction
is present, then thesc oscillations will cventually die out and the needle
will point precisely parallel to the field. If there is no friction then the
oscillations will continuc forever. In atomic systems there is no friction.)

magnclic
field

AN

magnetic
necdle

If the magnctic field has the same strength at all points in the vicinity
of the needle, that is, if the field is uniform, then the upward force acting
on the north polc of the needle is exactly cancelled by the downward
force acting on the south pole and there is no net force on the needle. So
in a uniform field therc is an impetus for the necdlc to oscillate. but no
impctus for it to move up or down, or left or right.

| force on

“ <snorth poic

force on
%'south pole
¥

2.2 Magnetic eflecis on electric current

A loop of wire carrying electric currcnt behaves in many ways like a
compass needlc. The associated magnetic arrow” points perpendicular to
the current loop, so if the current loop is placed in a magnctic field. the

* This assoiared arrow is purely abstraci — therc’s nothing actuatly located there.



2.3 Magnetic needle in a non-unifornt magnetic field 7
arrow “wants” to point parallel to the licld. But the currcnt Joop’s arrow

current loop

S
AW

1sn't exactly like a4 compass needle’s arrow, because the current loop arrow
precesses rather than oscillates in a magnetic field. “Precession” means
that the tip of the symbolic arrow moves around a circle while 1ts basc
is fixed Thus a precessing arrow traces out the figure of a cone. You

associated magnetic arrow

s Lt ML

can make your index finger precess by holding it up in the air and then
twisting its tip around in a circle while kecping your hand [ixed.

[ wish I could describe for you an experiment that you could do to
provc this fact to yourself. Unfortunately, this cannol be done with the
equipment available in the typical home. [t is, howcver, quile casy o do
a parallel home experiment with an analogous system. A lop rotaling
in a gravitational (ield happens to bchave very much Jike a current loop
in a magnetic field. {The rotating body of the top is analogous to the
moving electric charge  the current — 1n the loop. The axle of the top
is analogous to the magnetic arrow.) | urge vou to spin a top, pul it on
the floor, tip the rotation axis away from the vertical, and then watch the
fop precess.

2.3 Magoetic needle in a non-uaiform magnetic field

We have scen that a magnetic needle in a uniform magnctic ficld feels
zero nel maguctic force, because the upward force on the north pole is
cancelled by the downward [orce on the south pole. But if a magnetic
needle is placed in a non-uniform magnctic ficld, then there can be a net
force on the needle.
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The figurc below shows a magnetic field which is stronger at the top
of the figure than at the bottom of thc figure. For the horizontal necdle,
both the north and south poles arc at the samc height and expcricnce
thc same magnetic ficld strength. so the two poles cxperience equal but
opposite forces and the nct lorce vanishes. But for the vertical needle.
the north pole expericnces a stronger magnetic field than does the south
pole, so there is a larger upward force on the north pole and a smaller
downward forcc on the south pole. As a result the two forces don’t
complctely cancel — there reinains a net upward force. The tilted needle
is intcrmediate betwcen these two situations. It expcriences a net up-
ward force, but that [orce is not as strong as the force on the vertical
needle.

horizontal needle vertical needle tilted needle

- 1T,

no net force large net force  intermediate
net force

@)y

You tan see that the net force depends upon the angle bctween the
arrow and the ficld. 1n {act. the force is proportional to a quantity bearing
the awkward name of “the projcction of the magnelic arrow onto the
direction of the magnetic ficld”. This quantity is defined through a four-
stage process: (1) Draw a line ta show the direction of the magnetic ficld
(in the illustration below, it tilts to the left). (2) Draw in the magnetic
arrow with its base on the ficld line. (3) Draw a line perpendicular to the
(ield line through the base of the arrow, and another through thc tip of
the arrow (these are shown dashed). (4) The distance between these two
lines is thc desired “projection™.

magnelic field

l’.hC 'IJ_--"'"”" "

magnetic
" Cneedic

ncce
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Examplcs of projections:

!

projection  projection  projcction  projection
large small £LTQ negalive

If an clectric current loop is placed in a non-uniform magnetic ficld, its
arrow will precess and at the same time the loop will move. Dunng this
precession the projection remains constant,’ and hence the force remains
constant. For example, suppose the field is strongcrt at the top than at the
bottom (as in the figurc on pagc 8) and suppose a stationary current loop
with a small positive projection is placed into the ficld. Then the current
loop will moyc upward, and as it moves it precesses in such a way that
the impctus to move upward stays constant. If the initial projcction is
negative, then the current loop moves downward.

2.4 Explanation vs. description

Have [ explained the motion of magne:ic needles in magnetic fields?
Have 1 explained the nature of a magnetic {icld? Not at all! [ have
simply described these phenomena. Somctimcs a description in science
can he explained through an appeal to more fundamental principles. For
cxample, 1 have spoken about the north and south magnetic poles of a
compass needle. The poles of a compass ncedle can in fact be explained
in terms of the motion of elcctrons within the needle’s atoms. But
other cases the description is simply the most tundamental thing there is
and cannot be “explained” by something eisc. What is a magnetic field?
I have described it, in essence, as “that which makcs a compass needle
want to oscllate”. There are more elaboratc and imore mathematical
descriptions of magnetic ficld, but none are more fundamental. Science
has no explanation for magnctic ficld, only a description of it.

¥ Spin your top agath und notice that as the top processcs. the tp of the axle remaias alwavs
the same distance fram the fioor. The vertical distance from the ftoor (o the tip of the axie is
the projection of the axle ont¢ a vertical hine, (I you wait long ecnough that friction slows the
rolation of e lop, then this projoction  the beight of the axle up — will decreaxe. But if
friction can be ignored. then the prejection does not change)
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What does “explanation” mcan, anyway? Suppose you ask me “Why
did 1t rain yesterday?” | might reply “Because a cold front moved in.”
Then vou could ask “But why did a cold front move in?" [ might say
“Because the jet stream pushed it.” You: “But why did the jel siream
push it?”" Me: “Because the sun warmed Saskatchewan and so deflected
the jet stream.™® You: “But why docs sunlight warm objects?” And at
this level 1 rcally can't answer your question. I know that sunlight carries
energy (so do you), and science can describe this energy transport with
cxquisitc accuracy. But science cannot explain this cnergy transport or tell
why i1t happens.

This story illustrates that “explanation” means “explanation in terms ol
something more fundamental” At somc point any chain of questioning
descends to the most fundamcntal ideas, and there it must stop. Currently,
the most fundamental ideas in physics arc called “quantum electrodynam-
ics™ and “‘gquantum chromodynamics”, two thcorics which Jall squarely
within the tframework of quantum mechanics that [ will describe in this
book. Probably there will someday be even more fundamental i1dcas. so
that “why™ questions concerning quantum electrodynamics could be an-
swered in terms of thesc ncw ideas. However, “why™ questions concerning
these more fundanicntal ideas will then be unanswerable! Ultimatcly, at
the bottom of any descending chain of ¢uestions, science can only give
descriptions (facts) and not cxplanations (reasons for those tacts).

2.5 Preblems

Abuve all things we must beware of what I will call “inert ideas”
—- that is 10 say, ideas that are merely received iato the mind
without being utilized, or tested, or thrown into fresh combina-
tions.

— Alfred North Whitchead

Rcading books, listening to lectures. watching movics. running computer
simulations, performing experiments, participating in discussions ... all
thesc arc finc tools for learning quantum mechanics. But you will not
really become familiar with thc subjcct until you get it under your skin
by working problems. The problcms in this book do not simply test your
comprehension of the material you read in the text. They are instead
an important component of the learning process, designed to extend and
sohdify the concepts presented. Solving problems is a more active, and

¥ Anyone who has raised a child is all too Familiar with such chans of questions,

= R A
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hence more effective. learning technique than reading text or listening to
lecturcs.

Some might contend that problems have no place in a book intended
for a general audicnce, because they are ““too hard”. In fact the opposite
is true: it is edsier to learn by working problems than by reading words. 1
“working problecms” seems too dry or too regimented for you, then think
of it as “solving puzzles™ instead.

If vou write up solutions to these and subsequent problems (such as for
a course assignment) be surc to explain your reasoning. Don't just write
down the [inal numcrical answer — your tcacher alrcady knows whalt it
1s! Instcad {s)hc 1s intcrested in sceing how you overcome the roadblocks
that get in your way as you progress through the problem. Appendix F
{page 149) contains skeleton answers for some of the problcms. (There
are also three complete sample solutions on pages 28, 71, and 109.) By a
“skeleton answer™, [ mean only the “final numerical answer™ mentioned
above without any of the reasoning that leads to the answer. I do not
present the reasoning because the benefits that accrue [rom active problem
solving comc only if you supply that reasoning yourself. The appendix
will help you learn quantum mechanics if you work through the probiem
yourseif and then use the skeleton answer to check your reasoning. If you
instead look up the answer before attempting the preblem, the appendix
will actually be an tmpediment to vour learning.

Many of the problecms ask for short verbal answers. In all such cases,
the answer can be written in four or fewer sentences. If you find yoursclf
writing an extended essay, then you either misunderstood the question or
don’t know the answer. In neither case will your teacher be impressed by
the merc bulk of your response.

Technical aside: This book is intended for a gencral audicncc,
but it is useful also for students of physics and chemistry who
can perform calculations far more sophisticaled than anything
mentioned bhere, but who arc at a loss to cxplain what it is
that they arc calculating. For such rcaders I have included a
few problems that require a morc tcchnical background: thesc
problems are clearly marked. Such problems are not hardcr than
regular problcms, they just requirc a background knowledge of
physics ideas that general readers are unlikely to possess.

2.1 Variously tilted needles. Considcr the non-uniform magnetic field of
the tigurc on page 8. Decscribe the nct force acting upon a vertical
magnetic needle that points downward. and a tilted magnetic needle
that points downward and to Lhe lcft.

2.2 Projectivns on a vertical axis. The figure below shows four magnetic
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arrows, labeled A. B, C, and D. All four arrows have the same length.
Rank them from highest value of the projection to the lowest. (Do
nol ignore sign. For examplc. a large ncgative projection should
rank below a small positive projection.) If two of the projcctions are
equal. then say so.

1 4

N \/

A B C D

Projections in geography. The radius of thc earth i1s 3960 miles.
The Old Mission Point Lighthouse near Traverse City, Michigan, is
located at a latitude of 45°. Imagine an arrow extending from the
center of the earth to the Old Mission Lighthouse. Tow long is the
projection of this arrow onto the carth’s rotation axis? Hint: Recall
a geomctrical result about a 1:1:2 right triangle.

Projections on a non-tertical axis. Up to now we havc emphasized
projcctions onto a vertical axis. But our definition applies to any
axis. In the fgurc below. find the projection of the short, thick arrow
on the long. thin axis. Give your answer in inches, with a 4+ or —
sign.

Diff erent projections on different axes. Show that for any arrow, you
can pick an axis such that the projection of the arrow on that axs
1s zcro. How many such axcs are there?

The role of mathematics in quantum mechanics. Onc of my students
wrote “If vou can’t read music, then you can’t write i, but that
docsn’t mcan vou can't understand it.” To what extent is this
analogy appropriate to the use of mathematics in physics?
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The Stern—Gerlach Experiment

3.1 Measuring magnetic projections

What does the previous chapter have to do with quantum mechanics?
I have said that the predictions of quantum mechanics arc significantly
different from those of classical mechanics only when applied to very
small objects. How could we make such a tiny compass ncedle? In fact we
don't need to make one. because nature itsell supplics one. kt 1s natural to
supposc that an atom acts like a tiny magnetic ncedie because its orbiting
electiron mimics a current loop.

In 1922, physicists Otto Stern and Walther Gerlach decided 1o test this
supposition by measuring thc magnctic arrow associated with a silver
atom. It s clear that they could not do this by watching an individual
atom precess n a unifform magnetic field! Instead. they injected a moving
silver atom into a non-uniform ficld and noticed how the resulting force
pushed the atom around. The “Stern—Gerlach apparatus™ sketched on the
next pagc thus measures the projection ol an atont’'s magnetic arrow on
the vertical axis.

What results would you expect from this experiment? Think about this
for a moment before reading on.

32 Classical expectations

1 don’t know about vou. but here is what [ would expect: Once the atom
enters the non-uniform magnetic field, its magnetic arrow precesses in
such a way that its projection on the vertical axis remains constant. While
this precession 1s taking place. there is also a force on the atom, and thc
magnilude of that force depends upoen the value of the projection. If the
atom has 2 large positive projection, it will cxperience a large upward
force and move up sharply. If the atom has a small positive projection,

13
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projeclion is:

7 positive large
v

positive small

atom :

injectecd

negative small

-~
¥ ‘ .
non-uniform “w neganive large

mugnetic field

Fig. 3.1. A sketch of the Stern—-Gerlach apparatus, with some justification for
my classical expectations.

it will experiencc a small upward forec and move up modcrately. If the
projection happens to bc zero, the atom will cxperience zero force and
movc straight through. Similarly for atoms with negative projections.
Thus an atom that happened to cnter the ficld with its arrow potinting
straight up (*toward the north pole”) would cxperience a large upward
deflection. Onc thut happened to cnter with its arrow pointing straight
down (“toward the south pole”} would expcrience a large downward
deflection. And one that happened to enter with a horizont4]l arrow
(*“toward the cquator™ would experience no deflection. Atoms whose
arrows had intermediate tilts would experience intermediate deflcctions.
Now. there is only onc way for an arrow to point toward thc north
pole, and only one way for it to pomt toward the south pole, but thecre
are lots of ways for it to point toward the equator.” There arc, in fact, a
fcw ways to point toward the 10° north latitude line, more ways to point
toward the 20° north latitude linc. still morc for the 30° line, and so on
until a maximum is reachcd at the equator (the 90° line). [ expect atoms to
enter the apparatus with their magnetic arrows pointing every-which-way:
somc straight up, some straight down. most somewhere in between. Thus
[ expcct a very small number of atoms Lo come out with the maximum
upward deflection. a larger number o come out with moderate upward
deflections, the largest number to come out with zero deflcction, and sim-

* For example. directly to the nght, dircetly (o the fefl. direcily out of the page, halt~way between
“to the nght™ and “out of the page™, etc.
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ilarly for downward deflections. In short, my classical cxpectation is that
the number of atoms Icaving the apparatus with a given dellection should
depend upon the dcllection in the manner sketched here.

deliccetion

=
number of atoms leaving
al Lthis deflechon

(These expcctations are for an ideal experiment. In any real experiment
things go wrong — the magnctic ficld has small imperfections, the source
of atoms is not perfectly purc, an atom hits a piece of dust whilc travcling
through the apparatus — so | cxpect that for & real experiment the curve
obtaincd will be somewhat broadened and strctched away trom the results
shown abovc.)

3.3 Actual results

Imagine how surprised Stern and Gerlach must have been when they
obtaincd results that were nothing like the expectations described above.
They tound that no silver atoms at all went straight through the apparatus.
Nor was there a gradual change in number of exiting atoms with deflection.
In fact, they found that all of thc atoms came out at just two different
deflections: one a certain amount up, the other the samc amount down.
The observed results for silver atoms arc summarized in the graph on
thc next page, where the width of thc two humps is due entirely to
unperfections in the apparatus.

When atoms other than silver werc put through a Stern -Gerlach appa-
ratus, there were sometunes four or fivc narrow humps, sometimes cven
morc, but ncver the broad curve of our classical expectations. Further-
more, when the observed deflections were used (o0 compute the vilues
of the magnetic projections, then in all cases, from all diTerent kinds of
atoms. the value of that projection turned out to be an integer imes a cer-
tain quantity called the “Bohr magncton™, mp = 9.27 x 1074 joulc/tesla.
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deflection

3

R
number of atoms lcaving
al this deflection

With silver, for example, the two measurcd values were +mg and —mag.
For nitrogen the four measured values were +3mg, +mg, —mg, and —3ma.
For sullur thcy were +4mg, +2mg, 0. —2mpg, and —4mpg. And so on for
othcr atoms.

Technical aside: What if we injected into the apparatus not
atoms, but the needles of real live scout compasses? In this
case the magnetic projcction is huge on an atomic scalc — about
0.1 joule/tesla. Presumably the needles will only come out at
discrele deflections corresponding to projections of (integer) x
my;. but instead of giving rise to [our or five narrow humps,
there will be about 1022 of them. There arc so many humps, and
thcy are (on the scale of a scout compass) so close togcther,
that the individual humps cannot be distinguished. We find
instead a washed out pattern very similar to that of our classical
cxpectiations. The principle that when quantum mechanics is
applied to big things it must give nearly the same result as
classical mcchanics is called “‘the correspondence principle” or
“the classical limit of quantum mechanics™.

34 Actal cxperiments

1 have described the Stern—-Gerlach cxperiment in the simplest possible way
so as lo focus your attention on thc fundamcntal parts of the expcriment
rather than on the mundane parts necessary (or its opcration. But you
should realize that this experiment (like any other expcriment) is a lot
more complicated and a lot more difficult to carry out than the canceptual
outline given above. Comparc the photo of a real Stern- Gerlach apparatus
on thc next page to the conceptual outline sketched in figurce 3.1
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¥

Fig. 32. A real Stern Gerlach apparatus (courtesy of Melvin Davbel]).

For example, in our discussion wc¢ just said “give us a non-uniform
maugnetic ficld” and then we drew it on the page. In the laboratory life
is more difficult. Stern and Gerlach had to magnetize two large pieces of
iron and carefully shape the pieces so that they would producc the desired
magnctic field.

We just said that we needed a source of atoms and a dctcctor of atoms.
Stern and Gerlach had to build an electrical oven to eject vaponzed silver
atoms, and they had to design a suitable detector. (For a dctector, they
uscd a glass platc placcd to the right of the magnets. and injected enough
vaporized atoms that they built up a visible silver deposit on the glass.
See figure 3.3.)

We didn’t mention at all the possibility that while a silver atom was
flving through the magneltic ficld. it might collide with an axygen molecule
and scatter in some random dircction, But Sterm and Gerlach had to
consider the possibility, so they performed the experiment in a vacuum
chamber.

Of course, Stern and Gerlach needed nstruments (o measure Lhe
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tig. 3.3. Postcard from Walther Gerlach to Niels Bohr. showing resulls itom
one of the earlicsi, crude Stern Gerach experiments. On the left is the beam
profile without magnctc ficld. on the right is the beam profilc with a non-unilorm
magnetic field. Only in the center of the image is the field non-unitormily great
enobgh to pull the two oulgoing beams apart. Translation of the message: "My
esteemed Herr Bohr, attached is the continuation of our work (vide Zeitschr. [.
Phys. VI 110, 192[): the experimental proof of directional quantization. We
congratulate you on the confirmation of your theory! With respectful greetings,
Your most humble Walther Gerlach”™ (Courtesy ol the Niels Bohr Archive,
Copenhagen.)
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strength of thc magnetic field, thc temperature of thc oven. and the
quality of the vacuum. as wcll as the number of atoms coming out at a
given deflection,

I will mention a numher of experiments in this book, and in cvery case
I will present only the simplest conceptual outline. ‘T'his will keep the
concepts clear, but it will ignore a wealth of detail which, while necessary
for performing the experiment, serves only lo hidc the concept. Yau should
be aware that real experiments arc always considetably morc diflicult to
perform than thought cxperiments.

3.5 Visualization

Faced with thc unexpected results of the Stern—Gerlach experiment, it is
natural to scck a reason for these rcsults: to find a picture that tells us
what's going on. Therg is nothing to be ashamced of in this desire. Human
beings are visual animals, and we think bcst in terms of some picture
or visualization that we carry in our munds. Nevertheless | urge you to
postpone this quest for a visualization. We will first spend considerable
time addressing the guestion: "We know that silver atoms don’t behave
exactly likc miniature compass necdles. Jus1 how do they behave?” Once
wc know the facts about silver atoms, we will try again (in scction 15.2,
“What does an electron look like?™”) to produce an accurate visualization.
Seeking a visualization at this point, with our incomplete knowledge, will
surcly produce a mistaken image. Thomas Huxley described the attitude
[ amm advocating by saying:

Sit down before lact as a littlc child. be prepared to givc
up cverv preconcelved notion, {ollow humbly wherever and to
whatever abysses nature leads. or you shall lcarn nothing.

3.6 References

A computcr program to simulate the Stern—Cierlach experiment is
Daniel V. Schroedcr, Spins.

You may download this frec program (it works on Macintosh ¢computers)
through thc World Wide Web sitc mcntioned on page xiv.
The history of the Stern-Gerlach experiment is traced in

immunuel Estermann, ““History of molecular bcam rcscarch: DPer-
sonal remimscences of thc important evol utionary period 1919-
1933, American Journal of Physics, 43 (1975) 661 671,
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but just as interesting is the story of the intellectual descendcnts of Stern
and Gerlachs work. These dcscendants include lasers, atomic clocks
and the global positioning system, magnctic resonance medical imaging,
quantum computers, and a molecule that deactivates the AIDS virus.
Some of this richness is described in

Dudley R. Herschback, “Imagmary gardens with real toads”. in The
Flight From Science and Reason, edited by Paul R. Gross er al.
(New York Academy of Sciences, Necw York, 1997) pages 19 24.

37 Problems

3.1 Could [riction account for these unexpected results? Suppose that
riction were important for atoms, so that after spending a short
time in a magnetic field, all the atomic magnetic arrows would be
pointing in the dircclion of the ficld. What results would you then
cxpect from the Stern Gerlach experiment?

3.2 Real vs. ideal experiments. How could Stern and Gerlach have known
that the width of the peaks they observed was due only to the limits
of their instrument and not to somae property intrinsic to the atoms?
Hint: Examine the figure below.

deflection

number of atoms

Fig. 34. Resulis from u recent Stern Gerlach experiment. Solid linc and squares
show rcsults with non-uniform magnctic field, dashed line and crosscs show results
with 1o magnetic licld. The vertical scale is magnified ; the aciual detlections span
4 range of less than two millimeters.
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The Conundrum of Projections;
Repeated Measurements

4.1 The conundrum of projections

Whenever Stern and Gerlach measured the projection of a silver atom’s
magnetic arrow on an axis, they found cither +mg or —myg.  But the
figure below demonstrates that it 1s impossible for any arrow to have a
projection of +my on all axcs! LCven if the projection onto the vertical
axis (in the figure, axis #1) happens to be +mp, then we can always draw
some other axis {such as axis #2} that has a different projcction (in the
figurc, something morc than mg).

.

o

more thanm,

axis #2

[ call this difficulty thc “conundrum of projections™. The fact that the
projections can only take on the values of +nig is strange and unexpected,
but 1t's something that wc can live with. (After all, much of human
behavior - and most of politics — is strange and unexpectcd too. once
you think about it) The conundrum of projections is Far more scrious,
because it scems at first to bc not just strangc, but logically impossible.
In order to resolve thc conundrum, we will introduce experiments in
which we actually measure the projeclion on various axes, and wc will let
the rcsults of thosc cxperiments suggest a resolution. Before doing this,
however, we must mtroduce some ternunctogy.

91
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Terms for projections

The figure below shows four different axes. In this book, except for
scction 11.1, we will consider only projections onto axes lying within the
(x,z) plane.

The projection of the arrow onto a vertical axis is called m..

The projection of the arrow onto a horizontal axis is called m.

The projection of the arrow onto a downward vertical axis is called
My,

The projection of the arrow onto an axis within the (x, z) plane but
titted al an angle 0 to the vertical is called my. (Thus m, = me.
my = mgge, and me_s = misge:.)

Note that if the projection onlo some axis is +mg, then the projection
onto an axis pointing in the opposite direction is —my.

Stern-Gerlach analyzer

For convenicnce, I will package the Stern—-Gerlach apparatus into a tall
thin box and call # a Stern-Gerluch analyzer. There are only two places
where a silver atom can coinc out of the apparatus. so the analyzer box
has only two exit ports. (In the rest of this book. I wilt use only silver
atoms and I will usually call them just “atoms™ rather than “silver atoms™.)
The bex also contains plumbing to the right of the non-uniform magnetic
ficld which pushes the atoms around so that an outgoing atom follows a
track parallel to the track of an incoming atom.”™ This plumbing doesn’t
affect the atom’s magnetic arrow. These alterations do not change any
important property of the Stern—-Gerlach apparatus; they merely make
our diagrams easier to rcad.

* One way 1 produce sach plumbing s by installing a second non-uniform magnetic field that
points in the opposite dircction from the first
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In summary, the raw apparatus shown here:

s
_.—_?.__g -

is packaged into a box and rcpresented as:

+ |—— .=+ m,
_"_"J -0E-
- | — =
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An atom enters thc box on the left, and then ecither it leaves through
the upper exit, marked +. in which casc it has m- = +mg, or else it lcavcs
through thc lower exit, marked —, in which casc it has m; = —ms.

On the other hand, if the Stern—Gerlach analyzer were oricnted hor-
izontally, then the cxiting atom would have either m, = +mg or else
mx = —my. Or, we could Lilt the Stern-Gerlach analyzer box 17° to the
right of vertical. in which case exiting atoms would have eithcr m7: = +my
or else my» = —mpg. In other words, a vertical analyzcr mcasures m., a
horizontal analyzcr measures my, and our tilted analyzer measures #ni7-.

4.2 Repeated measurement cxperiments

Experiment 4.1. Measurement of m;, then m- again.

+ |—all

-_— —= NNONne

— i .
ignore

An atom entering the first analyzer will leave either the top (4) exit or
the bottom (—) exit. In thc latter case the exiting atom has m. = —my
and wc ignore il. In the former case the cxiting atlom has m. = +mygy and
1L 1s fod wto the second analyzer. All such aloms leave the + exit of the
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second analyzer. In short, if an atom is found to have m, = +mg at thc
first analyzer. then it does ai the second analyzer as well.
Experiment 4.2. Measuremcnt of m., then m_;.

o~

+ |—+

= | — NONC

- i—'-‘-
ignore

If an atom is tound to have m- = +mg at the first analyzer, then it has
ny. ;) = —mg at the second analyzcr.

Experiment 4.3. (The crucial expecriment.) Mcasurement of m., then m,,
then m.,.

H‘I; = + "?I"

1200r¢

+ <

— |—= ignorc

A R C

An atom entering analyzer A will leave from either the + exit or the
— exit. In the latter case we ignore it, and in the tormer case we feed
the atom (with m: = +mp) into analyzer B, a horizontal Stern- Gerlach
analyzer that measurcs my,. The atom will then either leave the — exit (in
which case it has m, = —mg) and we ignore it, or else it will leave the +
exit (in which cas¢ it has my = +my) and we feed it into analyzer C, a
vertical andlyscr that measures m-.

What do you think will happen then? You might reason that this atom
is known to have m. = +mg. because 1t left thc 4+ exit of analyzer A (as
well as my = +my, beccause it left the 4 exit of analyzer B) and thus that
it will leavc the + exit of analyzer C, just as the atoms in experuncnt 4.1
did. This seems reasonable. and I will call it the “good guess argument”.
But in fact this does not happen. lnstead, some atoms at this stage leave
the + exit of analyzer C and others Icave the — cxit.

{n summary, when an atom enters analyzer B it has a definitc value of
m:, namely +mg  we know this becausc of experiment 4.1. But when
that atom leavcs analyzer B it does not have a definite valuc of m; — we
know this because when it enters analyzer C it might leave through cither
the + or thc — ex.




4.2 Repeated measurement experiments 25

It’s worth investigating this uncxpected result furthcr. We perform the
experinicnt many times. and cach time record whcther the atom cntcring
analyzcr C leaves through thc + exit or through the — exit. We find that
therc 18 no regular pattern Lo the exits. but that about halt of the atoms
leave through + and the rest leave through —. Thus although we cannot
say with ccrtainty which way the atom will leave analyzcr C, we can say
that it has probability one-half ol leaving through cither exit.

The following picture helps some people. They think ol an atom leaving
the + exit of analyzer B as having a magnetic arrow that points straight
out of the page (that is, in the +x direction). In classical mechanics, 1f
such an atom cntcred analyzer C it would pass straight through. But the
Stern Gerlach result shows that in truth (that is, in qguantum mechanics)
it can't pass straight through — it must go either up or down (that s, it
must leave through either the + exit or the — exit). If you “want” to go
straight but arc lorced to go either up or down, the best you can do is
go up half the time and down half the time. This picture is not entirely
accurate (as we will scc in detail later) but if you keep in mind both the
picturc and its limitations it may help you visualizc the process.

I want to go back for a moment to the good guess argument, the one
which suggcests thit every atom should leave analvzer C through the +
exit. Experiment shows that this result is not correct, but we can also
produce reasoning showing thit 1t 1S not correct: We know thal an atom
leaving the + exit of analyzer B has my, = +myg. The good guess argument
supposcs that, by virtue of having previously lett the 4+ exit of analyzer A,
1t also has m. = +amg. You can see from the diagram bclow that an atom
with both my = +mp and m- = +mp would have a valuc fer mys~ that
is bigger than mp. (Experts in gcomctry will recognize from the diagram

{1

45

X

that in fact msse = 4 2mg, but you don’t nced 10 be an expert to scc that
mgs- 1S larger than mpg.) But whenever nigs- 1s measurcd, it is found to be
¢ither +mp or —mg, and never to hc bigger than +mpg!

An atoin with a dclinite value for both m, and m. would havc values
for other projcclions that are not +mg. and such atomic states do not
cxist. The flaw i thc good guess arguncnt is not in its reasoning, but in
its assumptions. It assumed that an atom leaving analvzcr B would have
the samc value of m, as it did when 1t entered. and this is false.
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43 The upshot

We escape from the conundrum of projections via probability. If an atom
has a definite value of the projection of #s magnetic arrow on one axis,
then it docs not have a definite value of the projection of its arrow on
somc other axis. Given an atom with my = +mg, to ask “What is the
value of m. 7" is just like asking “What is the color of love?’. These
questions havc no answers because for this atom. m, doesn’t have a value
in just the same way that lovc doesn’t have a color. What cen be said
of such am atom 1s the probability of finding either of the two possible
projections on the vertical axis.

Terminology note: Bc wary of the phrase “definite valuc”. When I say
“An atom with a definite value of m, doesn’t havc a dcfinile value of m-”
what | rcally mean is "An atom with a vatue of m, doesn’t have a value
of m;”. The second wording 1s more accuratc and more clearly poiots out
the difference between the quantal world and the classical world. But it is
so stark that it mak¢s most physicists uncomfortable. (It ccrtainly makes
me uncomfortable.) So usually I will employ the euphemism of “definite
value™. This is a personal failing of minc but I can’t help it.

I’ the second analyzer werc tifted at an angle 0 relative to the first,
then what would be the probability that an atom leaving the + exit of
the first analyzer will leave the + exit of the second? We have so far
discussed the situations 8 = 0%, 90°, and 180° (in experiments 4.1, 4.3, and
4.2 respectivcly). In these situations the answcrs were 1, % and 0. The
cxperimentally determined answer lo the question for any value of & is
given 1n (igure 4.1, Notice that the graph interpolates smoothly between
the known resulis at 6 =07, 90°, and 180°. For example, at § = 60° the
probability is 3. (Experts in trigonometry will have alrcady gucsscd the

truth, namely that the probability is given by cos*((/2).)

4.4 Barriers to understanding

We have already reached the first central concepl of quantum mechanics:
The outcome of an experiment cannot, in general, be predicted exactly; only
the probabilities of the various outcomes can be found. Many learners find
their grasp beginning to slip at this point. I you are one of them, then
don’t flounder, but instead look inside of yourself to find the reason.

Is it that you hatc math, so when [ wrote down cos>()/2) you felt
nauseous? Then relax: you'll never need to calculate with cosines.

Is it because you don’t carc about inagnctic needles and don’t want to
learn about them? Then remember thit ’'m using magnetic needles only
as an example to illustratc the principles of quantum mechanics, and that
those principles describe all the actions in the universe.
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Fig. 4.1. The prebability of an atom lcaving the + exil of the sccond amalyzer
as the tilt angle 0 between the two analyzers is varied. The probability is 1 for
0 =0° 3 for 0= 60°, ! for 0= 90° ] for ¢ = 120°, 0 for 0 = [80°, elc.

A dccpcer problem bothers those who say “T sce that only probabilities
can be found, but I want to know why only probabilities can be found.”
Fundamentally, I have no answer to this concern. I don’t know why
the universe works the way it does any more than you do. I'm not
God, 1 didn’t crcate the universe, so don’t complain to me. However,
I suspcet that when you ask the question “why?”, you're really worried
about something else. There are lots of good “why™ guestions thitt you
never ask: Why does the universc havc thrce dimensions? Why do we cal
pancakes often for breakfast but rarcly for dinncr? Why do women wecar
skirts and men pants? You don’t ask these questions because you’rc so
fumihay with the facts that you never stop to question why they're true. |
think that most people who ask “*Why can only probabilities be found ?”
are really just crying out that thc ncw world of quantum mechanics is
strange and unfamiliar. It certainly is. But this should be seen as a
challenge to invite cxploration rather than an excuse to crawl back mto
your lamiliar, secure, classical hole.

Finally, thc most dangcrous barricr to understanding of all: You don’l
want the result {0 be true. It seems slrange — it is strange — $0 you
simply rcject it. But all sorts of things scem strangc upon first cncountcr.
When it was first discovered that the earth was round, that must have
seemed strange too! | admit that even though I have studied a lot of
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quantum mechanics, it still seems strange to me, but it seems strange and
delightfully quirky, rather than strange and rcpulsive. If you are rejecting
quantum mechanics simply because it’s strange, then | urge you to keep
at 1t until you find it as beautiful as | do.

4.5 Sample preblem

In cxperiment 4.3, half the atoms entering analyzer C leave through the +
exit and bhalf leave through the — exil. Supposc the experiment is altered
by tilting analyzer A 30° w the right of vertical. Analyzers B and C arc
not changed. In this new experiment. what portion of the atoms entering
analyzer C will leave through the + exit?

Solution

An atom leaving the + cxit of analyzer B has m, = +mgp. It docsn’t care
what state it was in when it entered analyzcr B it could have come
directly from an oven, or it could have come through a complicated set of
a dozen analyzers tilted at various angles  the output state is spccificd
complctcly by saying m, = +myg. Thus half of thc atoms entering «nalyzer
C will leave through thc + cxit whether analyzer A is tilted to 30>, 0°. or
any other angle.

46 Problems

4.1 The conundrum of projections. An arrow is three inches long and
points duc west. What is its projection on an axis that points:
(a) duc west, (b) due east, (c) due nerth, (d) straight up, (c¢) straight
down, (f) half-way between straight up and due west?

4.2 Two analyzers. In cxperiment 4.1 on page 23 the atoms lcaving the
— extt of the first analyzer were ignored. What would happen to
them if they were instcad fcd into another vertical analyzer?

4.3 Cerwinty. | have claimed that “thc outcome of an experiment cannot,
in general, be predicted exactly; only the probabilities of the various
outcomcs can be found™ Yet in experiment 4.1 on page 23 an atom
entcring the sccond analyzer will certainly leave through the + cxat.
How cun my claim and this experiment be reconciled?

44 The state of an atom. Which phrasc best describes the state of an
atom that leaves the + exit of analyzcr B In experiment 4.3 on
page 24: (1) Tt has m; = +mg. (2) It has my = +mg. (3) It has both
m, = +mg and m, = +ms.
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Three analyzers. In experiment 4.3 on page 24 the atoms lcaving thc
— exit of analyzer B were ignored. What would happen to them
if they were instead fed into another horizontal analyzer? Into a
verlical analyzer?

Three analyzers rearranged. 1o cxperiment 4.3 on page 24, atoms
leave the threc analyzers according to statistics described 1n this
table:

analyzer exit statistics
A depends on character of incoming atoms
B half through +. hatf through —
C half through 4+, half through —

If analyzcr A wcre lifted so that the atoms entering analyzer B camc
from thc — cxit of A (rather than from the + exit), how would the
table change”?

Rotations. Would any of the results i this chapter change if the
entire cxpcrimcntal apparatus (source. all analyzers, and detectors)
were rotated as a unit?

Different angles. A careful reading of the graph in figure 4.1 shows
that il the first analyzer is vertical. and the second is tilted to the
right of vertical by 60° then the probability of an atom lcaving the
+ exit of the second analyzcr is % What would bc the probability if
the first analvzer were 60° to the feft of vertical and the sccond were
vertical?

More different angles. Two Stern—Gerlach analyzers are arranged as
shown bclow. Analyzer A is lilled 45° to the left of vertical. while
analyzcr B 1s tiltcd 45° to the right of vertical. Atoms leaving the +
cxit of A arc fcd into the input ol B. What is the probabiity that an
atom entering B will leave it through the + exit?

Hint: What would happen it A were tilted 10° to the left, and B
were tilted 80° to the right?
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Three analyzers with different ungles. Consider experiment 4.3 on
page 24. but suppose that analyzer B were not horizontal, but rather
tilted to the right of vertical by 60°. In this case. what is the
probability that an atom enlering analyzer C will emerge from the
+ exit? From the — exit? Hint: See figure 4.1.

Barriers to understanding. Distinguish between “a description ol the
rules of chess”. “an undcrstanding of the rules of chess”. and “an
explanation for the rules of chess”. Which of these do you need 1o
play a good gamc of chcss?

Ffamiliar 5. understood. My mother once told me that T used to
understand tclcphones, butl | don’t understand these new cellular
phones.™ When 1 asked her how a conventional tclephone worked,
she could only say “l think it has carbon in it.” In three or fcwer
sentences, show how this story illustrates the diffcrence between
familiarity and understanding. (My mother is. by the way. perfectly
capablc of using any sort of telephenc.)

Explaining Newtoniun and quantum mechanics. (For tcchnical rcad-
ers.)

(a) In Newtonian mechanics, force is related 10 acceleration (F =
ma), whereas most luymen belicve that force is related to speed.
(Lay belief: “If you push somcthing. it moves.” Newton: “If
you push somcthing, its motion changes.”) How would you
respond to an intelligent layman who asked you why Newtonian
mechanics 1s corrcct?

(b} In classical mechanics. the future can be precdicted exactly,
whereas in quantum mechanics only probabilitics can be found.
How would you respond to an intelligent layman who asked
you why quantum mechanics is correct?
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Probability

I interpreted the repeated measurement experiments of the previous chap-
tcr hy saying that quantum mechanics can find probabilities only, not
certainties (that is, that quantum mechanics 1s “probabilistic”, not “deter-
ministic”). You may object, maintaining that thc world is deterministic,
but that my particular dcterministic scheme {the “magnetic arrow™) is
incorrect. The next chapter presents an ingenious argument, invented by
Einstein, which shows that ne local detcrministic scbeme could give the
results observed by experiment. In order to understand that argument you
need some background in probability.

But in fact, a knowledge ol probability 1s gencrally usetul in day-to-
day lite as well as in physics. You walk across a strcct  what 1s the
probability of vour being hit by a car? Yeu arc advised to undergo elcctive
surgery  what is the probability that the surgery will cxtend your life.
and what is the probability that the surgery will go wrong and injure you?
You breath some asbestos or smoke a cigaretie — whal is thc probability
of contracting cancer? Misconceptions about probability abound and
can lead to disustrous public policy decisions.” A knowledge of quantum
mechanics 1s good for your soul, but it is of practical importance only to
the designers ot lasers, transistors, and superconductors. A knowledge of
probability 1s of practical importance to everyonc.

" Suppose that m a desnocratic socicty, 70% of the citizens prefer 10 drink beey and 0% preler
to view attwork. Does this imply (“majority rulcs™} that all art muscums should be comverted
into bars”? Does it imply Lhat the ratio of bars o art museums sught to be fixed by law ar 7 to
3? Of course it implies neither. But many policy makers sccm never to have learned this simple
lessen in probability.

31
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S§.1 Gambling probabitity

If you toss a die, the probability of rolling a 2 is }. If you flip a coin, the
probability of getting heads is 3. [n gencral. for gambling probabilities,

aumber of successful outcomes
number of possiblc outcomes

This rule holds only for gambling probabilitics like those we have just
mentioned. It docs not apply. for example. to surgery, wherc there arc
only (wo possiblc outcomcs — survival and death — but the chance of
survival is far greater than % Nor does it apply to the Stern—Gerlach
analyzer, whcre an incoming atom can leave through either the + exit or
through the — exit, bul figure 4.1 shows that the probabilities of these
two possible outcomes are not always 50%. Finally, if you buy a lotlery
ticket, there are only iwo possible outcomes — winning and losing -- but

the probability of winning is sadly less than

probability of a success =

19)—
"

S§.2 Compeund probabilities

Example 1. Toss a dic. What is the probability of rolling either a 1
or a 3? In this case, there are six possible outcomes and two successful
outcomes, so the probability of success is £ =1 + 1. In general. the word
“or™ is a signal to add probabilities.

Example 2. Toss a die and simultaneously flip a coin. What is the
probability of getting 2 and tails? In this case therc are twelve possible
outcomes (1 and heads, 1t and tails. 2 and heads, 2 and tails, and so forth
up to 6 and 1ails) so the probability of getting 2 and tails is {5 = § x
in gencral, the word “and™ is a signal 1o multiply: probabilities.

Example 3. Flip three coins (or flip one coin threc times):

| —

QN —

“possible outcome probability ~ number of heads
of this outcome

HHH 1/8 3
HHT 1/8 2
HIH 1/8 2
THH /8 2
HTT 1/8 1
THT 1/8 l
TTH 1/8 1
TTT /8 0

Thus the prohability of obtaining three hcads is §, of two heads is 3, of

one head is ?:’ of no heads is %
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Example 4. Toss two dicc (or toss one die two times). Whaut is the
probability that the sum of the (ace-up dots is four? If the first die lunds
on 4 and the second on 3, | will call the outcome *[4, 3]”.

probability of [1. 1}is § x { = 3
probability of [1,2] is § x ; = =
probability of [2, 1]is § x § = 4
probability of [1, 3] is % X % = %
probability of [3. 1] is } X ; = 3¢
probability of [2, 2] is g X ; = 3¢
and so forth to
probability of [S, 6] is é X %. = 316
probability of [6, §) is Pxg= .
probability of [6, 6] is ¢ x § = 4.

Now

probability that the sum tossed is four =
(probability of [2, 2]) +
(probability of [1, 3)) +
(probability of (3, 1]).

but
(probability of [2, 2]) = (prob. of 2) x (prob. of 2) = ¢ X ¢.
(probability of [1, 3]) = (prob. of 1) x (prob. of 3) = ¢ x ¢.
(probability of [3, 1]} = (prob. of 3) x (prob. of 1) = § x ¢.
thus

probability that the sum tossed is four =
(§ X §) + (g xgd+ (G x5 =

5.3 Tilting Stern—Gerlach analyzer

Mount a single Stern-Gerlach analyzcr on a pivot so that it can be tilted
10 have its magnctic field point in any of the three dircctions A, B, or C. In
the figure on the ncxt page. it is tilted to orientation A on the left and to
orientation B on the right. This analyecr s switched at random between
these three orientations, each orientation having probability § Suppose
an atom with m- = +mg were fed into the analyzcr. (For cxample. the
atom might have just emerged from the + exit of an analyzer tixed in

orientation A.) What is thec probability that it leaves through the + cxit?
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IR

If the orientation is A,

thc probability that the atom leaves the + exit is 1.
If the orientation is B,

the probability that the atom leaves the + exit i
If the orientation i1s C,

the probability that the atom leaves the + cxit is

&l—

Sl

(These last two facts come from figure 4.1 on pagc 27: when 8 = 120° or
& = 240°, the probability is }4.)
Now

probabitity that atom leaves from + exit =
(probability that it does so when orientation is A) +
(probability that it does so when orientation is B) +
(probability that it does so when oricntation is C)

but !
probability that 1t does so when orientation is A = % x 1 ‘
probability that it does so when orentation is B = _!, X &
probability that it does so when orientation is C = % X }‘

thus

The probability that an atom entering with m, = +mg
lcaves from the + exit is
GxD+Exbh+dx D=

(RS
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55 Problems

It is important that you look at the first six problems in this section.
The remaining problems are fun and informative but are not needed to
support this book’s train of argument.

5.1

o

5.4

5.5

5.6

Three dice. If you throw threc dice, what is the probability that a
total of four dots are face up?

License plates. Supposc that in the state of Iowa auto license plales
are identificd by thrce letters followed by three numbers, and that
the numbers are chosen at random. If you glance at an Iowa plate,
what is the probability that the two last digits will be the same?

Two dice. Throw two dicc. What is the probability that the sum of
the face-up dots is morc than four?

The coin toss. Toss a single coin ten times.

(a) What is the probability of obtaining all heads (the pattern
HHAHHHEHH)?

(b) What s the probability of obtaining alternating heads then tails
(the pattern HTHTHTHTHT)?

{¢) What 1s the probability of obtaining the pattern HTTTHHTTHT?

(d) What is the probability of obtaining a pattern with onc tail and
nine heads”

Tihing Stern—Gerlach analyzer. In section 5.3 we [ound the proba-
bility for an atom that entered a tilting Stern—Gerlach analyzcr with
m, = +mpg to leave through the + exit. Whul 1s that probability for
an atom that enters:

(a) With m, = —mg”?
(b) Wilth mpp: = +mpg?
{c) With m(_jzp) = +mp?

Military draft lotiery. From 1967 to 1972 the United States used a
military draft lottery in which birthdays were selected at random,
and the army drafted first men born on the first date selected. then
men born on the second date selected, and so forth. Supposc a small
country uscs a similar system. but the country’s records includc not
birth date, but only birth scason: summer or winter. In the year 1968
there arce 1000 draftablc men of whoin 600 were born in winter and
400 were born in summecr. The military requires 700 draftees. (Thus
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a “fair” system would assign cach man a probability 7/10 of bcing
drafted.) The country holds a lottery to determinc whether summer-
born or winter-horn men will be called up first (either possibility has
probability 1/2). Within cach birth category. the military drafts men
at random. The drafting continues from the first calegory into the
sccond until the requirement of 708 drafiees is filled.

(a) Show that if the summer-born are called up first, the probability
of a winter-born man being drafted is 1/2.

(b) Show that if the wintcr-born are called up first, the probability
of a summcr-horn man being draftcd is 1/4.

(c) What is the overall probability of drafting a summer-born man?
A winter-born man? (The term “ovcrall probability”™ means the
probability that would be calculated before the lottery was held.}

Commcnt upon the fairness of this draft lottery scheme.

Speeding tickets. Benjamin Marrison of the Cleveland Pluin Dealer
wondeted whether Ohio state troopers werc more hkely to hand out
spceding tickcts at the end of thc month (““Spotting the specders:
How, when, and where troopcrs will get you”, 3 December 1995).
Hc uncovered data showing that for the year 1994, a total of 19 737
speeding tickets were issued on the 28th of some month, 19 623 were
issucd on the 30th, but only 18 845 were issued on the 31st. From
this hc concluded that one 1s actually Iess likely to get a speeding
ticket at the end of a month. Commicnt.

@utdoor hazards. From the New York Times (30 June 1998): "Wherc
are you morc likely to bc injured: climbing down a rock tace or sitting
around a campsite? ... A new study ol the hazards of national parks
found that injuries at canipsites ... outnumber thosc sustained during
rock climbing by more than 3 to I.”> Comment.

Winning the lottery twice. Suppose that the statc of New Jcrsey runs
onc lottery gamc each weck. that each week there is one and only
one winner, that five million individuals play each wcck. that each
of thosc individuals buys a singlc ticket, and that this same group of
individuals plays every wcck. (These suppositions are, of course, not
precisely correct. On the other hand they are not terribly diflerent
from the actual situation, and this simplification allows the situation
to be understood much more readily than a “perfect portrait”™ would
permit.) What is the probability that:
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(a) One particular player. Sylvia Struthers of Chnion Mills, New
Jersey. wins in the two successive lotteries held on the ninth and
tcnth weeks of the ycar 1998.

(b) A player, not nccessarily Ms. Struthers, wins in both of these
two lotteries.

(c) A player wins in successive weeks in 1993.
(d) A player wins twice in 1998.

Average vs. typical. part I. A politician claims that she “always
stands up for the average man”. Does that mean that she always
supperts the majority of people? Hint: How many pcoplc do you
know who are of average height?

Average vs. typical, part 2. At the Lincoln Street branch of the
First National Bank, a customcr ncceding a teller enters the bank,
on average. once each minute. and each teller transaction lasis. en
average, three minutes. Based on these facts, thc branch manager
decides to staff the bank with exactly three tellers. Why was the
branch manager fired?

Correlations. [n a poll, one thousand individuals are asked abeut
their preferences in music and in dining. Onc-tenth of the individuals
preferred opera to rock. and one-fifth of them preferred French
restaurants to fast food restaurants. Is the probability that one of
the polled individual prefers hoth opera and French restaurants equal
10 2% ? (2% = 5 = 15 X 3.)

Random vs. huphazard. Smith and Jones are running for congress,
and Ms. Struthers wants 10 know who will probably win. So she
polls tcn of her friends, and finds that eight plan to vote for Smith
and two lor Jones. She is surprised and shocked when Joncs wins by
a margin ol 54% to 46%. What was wrong with her poll?
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The Einstein—Podolsky—Rosen Paradox

My interpretation of the rcpeated measuremcent experiments in scc tion 4.2
was:

An atom with a delinite value of m. doesn’t have a dcfinite
value of m,. All that can be said is that when . is mcasured.
there is probability 3 of finding +ma and probability % of
finding —mgp. }

This is in many ways the simplest and most natural interpretation, but
there are othcr possibilities. For example, the “measurement disturbs a
classical system™ possibility:

An atom with a definite valuc of m- also has a definite value
of m,, but thc measurement of m- disturbs the valuc of my in
an unpredictable way.

or the “complex atom™ possibility:

An atom with a definite valuc of m, also has a definite value
of my, but this value changes so rapidly that no onc can figure
out what that value 1s.

The Einstcin—Podolsky- Rosen (or EPR) argument shows that both of
these “othcer interpretations™ arc untenable.

1 will givc the argument in the form of two hypothetical experiments.
Because of technical difliculties, these cxpcriments have ncver been carried
out in exactly thc form that [ will dcscribe. But similar cxperiments have
been pcrformed, most notably by Alain Aspect and his collaborators at the
Univcrsity of Paris’s Institute of Theoretical and Applied @ptics at Orsay.
Figure 6.1 shows thc apparatus that this group employcd and. as usual,
it 1s much more claborate than the sketch diagrams that 1 will use later
o describe the hypothetical expcriment. Our hypothctical experiment

38
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Fig. 6.1. Alair Aspcect’s laboratory in Orsay. France (courlesy of A. Aspectl.

will cmploy a pair of atoms and detectors that tilt by 120°, Aspect’s
real expcriment employed a pair of “photons™ (“particles of light’) and
detectors that tilted by 22.5¢° In spite of thcse technical differences, the
real experiment was conceptually equivalent 1o the one I will describe here.
and its results are a ringing cndorsement of quantum mechanics.

Localiry

Before proceeding. I must attend to one small but essential point: the
term “local”. It is clear that somcthing which happens at one place can
influence what happens far away. For cxample, a newspaper articlc printed
in Madrid can fomcent a revolution in Buenos Aircs. But the effect happens
somc timc after the cause, becausc it takes some time tor the agent of
influence (thc ncwspapers) to travel from Madrid to Buenos Airces. and
as they travel thcy always move bit by bit —- they never disappcar from
one place and rcappear at another without passing through intermcdiate
points. This method of influence is called *‘local”. Modern communication
technology might appear to be non-local. because when you speak into a
telephone it secms that you can be beard far away at the same instant.
But in fact therc is a short  and usually unnoticeable — delay between
the speaking and the hearing, as electrical signals encoding your voice
travcl through telephone lines at the speed of light.

Technical aside: Notice that the very defmition of locality in-
volves concepts likc cause and effect. concepts that assume 4
deterministic world. Because quantum mcchanics is not deter-
ministic and events can take place without causcs, the concept
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of locality bccomes more subtle and complex. The technical
literature is thus full of terms like “active locality”, “passive
locality”, “non-locality™, and “alocality™.

The assumption of locality is so natural and commonplacc that it has
bcen enshrined in poetry:’

And when the loss has been disclosed, the Secrct Service say:
“It must have been Macavity!”™  but he’s a mile away.

Einstein’s theory of relativity puts the assumption of locality on an even
firmer basis, establishing that no causal agent can travel faster than a light
signal. Standard quantum mechanics, as prescnted in this book, rclains
the assumption of locality. But it is possible 10 produce alternatives to
standard quantum theory that arc non-local.

I mention locality here becausc the experiments described below illu-
minate our old ideas in a strangc — but ultimately satsfying — new
light.

6.1 Experiment 6.1: Distant measurements

—
o

source

{n this expcriment a box labeled “'source™ produces a pair of atoms with a
net magnelic arrow of zero, and the two aloms tiy ofl in opposilc directions.
Each atom is detccted by its own verlical Stern Gerlach analyzer.

Observed results: The probability that the right atom leaves through
the + exit is 3, the probability that it leaves through the — cxit is %
Similarly for the keft atom. But if the right atom lcaves through its + exit,
then_the left atom always leaves through its — exit, and vice versa. This
1S lrue regardluss of whu.h if either, analyzer is closer to the source. It
is also true regardless of the orientation of the two analyrers, as long as
both have thc samme oricntation.

ITmaginc, for example, that the left analyzer is five miles from (he source,
while the right analyzcr is five miles plus one inch from the source. Then
the left atom will go into its analyzer and be measurcd beforc thc right

*T.S. Liliol. Oid Possuns’s Book of Practical Cats.
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atom goes into its analyzer. Suppose that the lelt atom Icavces the + exit.
Then 1l is known with certainty that the right atom has m; = —mp (ie.
that when it gets to its analyzer it will leave through the — exit). but the
right atom itsclf has not been measured. It is impossible that the right
alom, tcn miles away from the scenc of the measurement, could have been
mechanically disturbed by the measurement of the left atom.? The first
alternative interpretation meationed on page 38 must be rejected.

If you arc familiar with Tinstein’s theory of relativity, you know that
the faslest possible spccd at which a4 message can travel is the speed
of hight. Yet this expcriment suggests a mechanism for instantaneous
communication: When thc two atoms are launched. it cannot be predicted
whether the right atom will leavc the + exit or the — cxit oncc it gcts
to its analyzcr. But the instant that the left atom leaves the + cxit of its
analyzcer, it is known that the right atom (now ten miles away) will lcave
thc — cxit once it gets to the right analyzer. This seems to be instantaneous
communication. But the important point 1s not whether *“it is known that
the right atom will leave the — cxat™ but rather who knows that the nght
atom will leave the — exit. Certainly the person standing next to the left-
hand analyzer knows it¥ but the person on Lhc left won't be able to tell
the person on Lhc right except through somc ordinary, slower-than-light
mechanism. Thc result is strange (Einstcin called it “spooky™) but it does
not open up the door to instantaneous communicalion.

Quantum mechanics [orces us to the brink of implausibility  but nor
beyond.

Technical aside: The conceptual equivalent of this cxperiment
has been performed many uimes, usually with detectors located
yards rather than milcs apart. But in 1997 Nicolas Gisin of
thc University of Geneva and his collaborators performed the
cxperiment with detectors in the Swiss villages of Bellevue and
Bernex, separated by nearly seven miles.

6.2 Experiment 6.2: Random distant measurements

This experiment is called the “test of Bell's theorem™ The reasoning is
intricatc, so I give an outline herc before plunging into the dctails. We
will build an apparatus much like the previous one with 4 central source
that produccs a pair of aloms. and with two detector boxes. Mounted

—_— -

' Js it really “impossible”? In [act, this is the assumption of locality which, as 1 have mentioned.
i5 very natural hut neverthaless an assunption,

+ And the person standimg ocxt to the right-hand analyzer knows that the person standing ncxl (o
the left-band analyscr knows it



42 6 The Einstein—Podolsky—Rosen Paradox

atop each detector box are a red lamp and a green lamp. Every time
thc cxperiment is run, a single lamp on each dctector box lights up. On
somc runs the detector on the left flashes red and the detector on the
right tashes green, on other runs both detectors flash red, etlc. When the
apparatus is analyzed by quantum mechanics, we find that the probability
of cach detector flashing a different color is 4. But wc can also analyze
the apparatus upder the assumption of local determimism. This analysis
shows that the probability of cach detector flashing a different color is
g or more. (Exactly how much more depends on exactly which local
deterministic scheme 1s employed. see problem 6.4.) Lxperiment agrees
with quantum mechanics, so the assumption of local determinism, natural
though it may b, is false. Any locat deterministic scheme, including the
second alternative intcrpretation mentioned on page 38, must bc wrong.

The apparaius

This experiment uses the same source as the previous experiment. but
now lhe detectors are not regutar Stern -Gcerlach analvzers, but the tilting
Stern-Gerlach analyzers described in scction 5.3 (page 33). Each of the
two analyzers has probability 1 of being oriented as A. B, or C. If you
wish, you may set the delector oricntations and then have the source
gencrate its pair of atoms, but yvou will get the samc results if you first
launch the two atoms and then set the dctector orientations while the
atoms are in fight. Mounted on each detector are two colored lamps. 1If
an atom comes out of the + cxit, the red lamp flashes: if an atom comcs
out the — exit, the green lump Bashes.

0 oMo

f

B source

The prediciion o) quantum mechanics

It the two detectors happen to have the same orientation, thcn this
experiment is cxactly the same as the previous onc, so cxactly the same
results are obtained: the two detectors always Aush different colors. On
the other hand, if the two detectors have diffcrent onentations, then they
might or might not flash differcut colors.
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What is thc probability that the two dctectors flash different colors in
general, that 1s, when the two dctectors might or might not have the
sanic orientation? Suppose the dctector on the left is closcr to the source
than the detector on the right. If the lefl detector were sct to A and
flashed green (that is., —). then the atom on the right has m. = +myg.
In the previous chapter we saw that when such an atom enters the right
detector, it has probability 3 of causing a red flash and probability § of
causing a green flash. You can readily generalize this reasomng o show
that regardless of orientation. the two detectors flash diffcrent colors with
probability 3.

We conclude that:

(1) If the oricntation settings are the samc. then the two delectors
flash diffcrent colors always.

(2) If thc oricntation settings are ignorcd, then the two detectors
flash different colors with probability 1.

And thesc results are indeed observed!

The prediciion of local determinism

In any local deterministic scheme, each atom must leave the source already
supplied with an instruction sct that determines which lamp flashes for
each of the three oricntation settings. For examplc, an instruction set
might rcad {if set to A then [lash red, i set to B then (ash red. if set
to C then flash green). which we abbreviate as (RR(). Onc natural way
to implement an instruction set scheme would bc through the atom’s
associated magnetic arrow: if the detector is vertical (orientation A) and
the atom’s arrow points anywherc north of the equator, then thc atom
leaves through the 4 cxit. while if the atom’s arrow points anywhere south
of the equator, then the atom Icavces through the — exit. Similar rulcs hold
for orientations B and C: the atom always leaves through the cxit towards
which its arrow most closely points.t The argument that follows holds for
this natural scheme. but it also holds tor any other oddball instruction set
schcme as well.

To explain observation (1) above, assume that the two atoms arc
launched with opposite instruction sets: if thc atom going lelt is (GRG),
then the atom going right is (RGR), and so forth. (In the “natural”
schcme, the two atoms are Jaunched with magnetic arrows pointing in
oppositc directions.) Now let's see how we can explain observation (2).

§ This postulated scheme s inconsisicnt with guantwm mechanics hecause it assumes that an azom's
magnetic arrow pomts in the same manner that a classical stick does, with definite values for all
three projections m.. m . and . sunultaneonsiy.



44 6 the Linstein—Podolsky—Rosen Paradox

If the instruction sct for the atom going left is (RRG), and for the
atom going right is (GGR), then what colors will the detectors flash?
That depends on the orientation sctlings of the two detectors. Sup-
posc the left detector were set to C and the right detector were set
to A. Then the third letter of (RRG) tells us that the left detec-
tor would fash green, and the first letter of (GGR) tells us that the
right detector would flash grcen. The sume list-lookup reasoning can
be applied to any possible orientation setting to produce the following
table.

orientation settings dectcctors Mash

AA RG: dilTerent
BB RG: different
CC GR: different
AB RG: diffcrent
BA RG: different
BC RR: samc
CB GG: same
AC RR: same

CA GG: same

There are nine possible orientation settings and five of them lead Lo
different color flashes. So if the atom going left is {RRG), then the
probability of dificrent color flashes 1s 3 A Iittic thought shows that the
same result applics if the atom going left 1s (GGR), or (GRG). or anything
but (RRR) and {GGG). In the last two cases, the probability of differcnt
color flashcs is of course 1.

Now we know the probability of diffcrent color flashes for any given
instruction sel. We want to find the probability of different color flashes
period. 1o calculate this we need to know what kind of atoms the
source makes. (If it makes only (RRR)s paired with (GGG}s then the
probability of different color flashes is 1. If it makes only {RRG)s
paircd with (GGR)s then the probability of different color flashes is
g. If it makes [(RRR) paired with (GGG)] half the time and [(RRG]
paired with (GGR)] half the time, then the probability of different
color [lashes 1s hall-way between 3 and 1) Because | don’t know
cxactly how the source works. I can’t say exactly what the probabil-
ity for diffcrent color [tashes is, But 1 do know thal any source can
make only eight kinds of atoms. because only eight kinds of atoms
exist;
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kind of atom going left proléa_ibility of ditferent colorﬁash-cs-_

(RRR) 1

(GGG 1

(RRGC) 5/9
(RGR) 5/9
(GRR) 5/9
(RGG) 5/9
(GRG) 5/9
(GGR) 5/9

Thus for any kind of source, the probability of diff'erent color flashes is
some mixturc of probability 1 and probability 3.

We conclude that in any instruction sct scheme, the detectors will flash
diff erent colors with probability g (55.5%) or more.

The conclusion

But in lact, the detectors flash differcnt colors with probability % ' The
assumption of local dctcrminism has produccd a conclusion which is
violated in the real world. and hence it must be wrong. Probability is not
just the casiest way out ol the conundrum of projections, it is the only
way out.

Technical aside: What, only? Well, almost only. In fact, our
arguments only rule out the existence of instruction scts, and
hence it permits alternatives to standard probabilistic quantum
theory that do not rcly on instruction sets. David Bohm, and
others, have invented such deterministic but non-local aiterna-
tives. If you dislike quantum mcchanics because it's too weird
for your tastcs. this may make you happy. However, these
altcrnative theories are neccssarily pretty weird themsclves. For
cxample, in Bohm’s theory the two atoms don’t need instruction
sets because they can communicate with each other instanta-
ncously. To be absolutely accurate, probability is thc only focal
way out of the conundrum of projections.
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A recent high-accuracy test ol Bell's thcorem is described in

6.1

6.2

6.3

P.G. Kwiat. k. Waks. A.G. White, [. Appelbaum, and P.II. Ebcrhard.
“Ultra-bright sourcc of polarization-entangled photons™, Physical
Review A, 60 (1 August 1999).

6.4 Problems

Instantaneous communication. In your own words. explain why you
cannot send a message instantaneously using the mechanism of ¢x-
periment 6.1. If quantum mechanics were deicrministic rather than
probabilistic, vet the distant atoms still always left from opposite
exits, would you then be able to send a message instantancously?
What if thc operator of the left-hand Stern-Gerlach analyzer were
somchowY able to force his atom to come out of the + exit? (You
might want to answer by completing the following story: “An eccen-
tric gentleman in London has two correspondents: Ivan in Seattie
and Veronica in Johannesburg. Every Monday he sends each cor-
respondent a letter, and the two lctters are identical cxcept that he
signs onc in red ink and one i grcen ink. The instant that Veronica
opens her lctter, she knows ....7")

Quamntal states for distant measurements. Mr. Parker is an intelligent
layman. He is interested in quantum mechanics and is open to
ncw ideas, but he wants cvidence before he will accept wild-eyed
assertions. ““T like the argument of cxpcriment 6.1.” he says, “but
I don’t like the idca that when the lcft atom is detected, the right
atom instantly jumps into the state with m, = —mg. 1 think that
one atom is produced in the state my = +mg and the othcr atom is
produced in the state my = —mg, and that there are no instant statc
jumps.” Show that Mr. Parker’s suggestion is consistent with the
observation that “the right atom leaves the + cxit with probability %
and simularly for the lefl atom”. However, show also that if it were
true, then on about % of the experimental runs, both atoms would
cmerge from Lheir respective + exits.

A probability found through quantum mechanics. In the test of Bell's
theorem, experiment 6.2, what is the probability given by quantum
mechanics that, if thc oricntation settings arc different, the two
detectors will flash different colors?

9 Perhaps by magic powers. but 101 so magic as to change the Ficl that the nwo atoms abways
feave 11O opposite exits.
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64 A probability found through local determinism. The cxperimental test
of Bell's theorem shows that the postulated instruction scts do not
cxist. But suppose that they did. Suppose turther that a given source
produces the various possible mnstruction sets with the probabilitics
listed below:

kind of atom going Icft  probabibty of making such a puir__

(RRR) 1/2
(RRG) 1/4
(GRR) 1/8
(RGG) - 1/8

If this particular sourcc were uscd in experiment 6.2, what would
be the probability that the detectors flash diifcrent colors? Hint:
Compare the draft lottcry problem 5.6.
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Variations on a Theme by Einstein

The previous chapter covered the most important aspects of the Einstein-
Podolsky—-Rosen conundrum. But some interesttng new features have
come up since Aspect performed his experiments, and I thought you
might enjoy them, so I'll mention two of them here. You may skip this
chapter without interrupting the flow of the book’s argument.

The results of thc Aspect experiment were welcomed by most scientists
as a final confirmation of the principles of quantum mechanics, principles
that had already been verified magnificenitly in numerous experiments
that were not as clcan nor as easy to understand as the (cst of Bell’s
theorem. But scientists also looked for possible flaws in the confirmation,
and thcy found onc. We have discussed an ideal experiment, in which
the source produces a pair of atoms and exuch tilting analyzer detects one
of them. But in Aspect’s real experiment. it often happcned that after
the source launched its atoms only one ol the two atoms was dctected.
and sometimes neither of them were. This i1s not surpnising: perhaps onc
of the atoms colhded with a stray nitrogen molecule and was detlected
away from its detector, or perhaps the detector electronics were pausing
to reset after detecling one atom when a second atom rushed in. For these
rcasons, in analyzing his experiment Aspect ignored cascs where only one
atom was detccted. But another possibility is that each atom is generated
with an instruction sct which could include the instruction “*don’t detect
me". If this possibility 15 admitted. then one can invent local deterministic
schemes that are consistent with Aspect’s experimental results.

Personally, | regard this objection as far-fetched. But either of the
two proposed experiments described here would ovcrrule this objection
definitively, because both of them produce situations in which quantum
mechanics predicts that somcthing might happen, whereas local dctermin-
ism predicts that the same thing will never happen. Neither cxperiinent
has been executed in its cntircty, but work is in progress on both and the

49
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preliminary results announced to date support quantum mechanis and
oppose local determinism.

7.1 The Greenberger-Horne-Zcilinger variation on the
Finstcin-Podolsky-Rosen experi ment

This expcriment involves a source that €jccts three atoms in an initial
state that 1s hard to produce and even harder 10 describe. [t is impossible
for me to justily thc prediction of quantum mechanics in a book at
this level. For these two reasons I considercd ignoring this expertment
altogcther in writing this book. But therc is a payoff so rich that [ had
to include it: Whereas the test of Bell's theorem gives a circumstance
in which the quantal probability for something happening is 50% whilc
the local dcterministic probability is more than 55%, the Greenhcrger-
Horne - Zcilinger (or GHZ) vanation gives a circumstance in which the
quantal probability is 1 and the local deterministic probability is 0.

A top view of the Greenberger-Horne-Zeilinger expcriment is skctched
below. The source ejects three atoms in a special state, and each atom (lies

ofl to its own detector. Like the dctectors in the test of Bell's theorem,
each box contains a Stern -Gerlach analyzer that can be tilted and sct to
various orientations. But unlikc the tilting analyzcrs used before, these
analyzers can be set to only two orientations: the z dirccuion (vertical) or
the x direction (horizontal).
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t

Back panel of cach Greenberger—
Home-Zellinger detector. showing
X the two orientations for its inter-
nal Stern—-Gerlach analyzer. This
analyzer is set lo orientation :z.

The orientations of the threc analyzers are reported through a code likc
xxz, which means that detectors A and B are sct o x while detector C is
set to z. As with the test of Bell's theorcem (experiment 6.2, page 41), the
detector orientations can be set aftcr the atoms have been launched, while
they are still in flight toward the detectors.

The predictions of quantum mcchanies are:

detector settings what happens
(D zxx odd number (1 or 3) goto +
(2) Xk odd number (1 or 3} go to +
(3) XzZX odd number (1 or 3) go to +
(4) 277 even number (0 or 2) go to 4
(5) other not used in this argument

Thus whcenever two analyzers are sct to x and onc 0 z, either all three
atoms lcave through thc + exits of their respectlive analyzers, or else one
leaves through the + exit and the other iwo leave through — exits.

The argument for instruction sets

I will give an argument based on line (1) of the prediction that makes
it seem reasonable that cach atom is launched from the source with an
instruction sct, so that it will know whether to go to + or to — when it
reaches its detector. rcgardless of what the settings of the detectors are.
If you find this assertion reasonable alrcady, you may skip the argument.
Remember. however, that quantum mechanics maintains that this natural
surmisc is not correct. bccause an atom with a definitc value of m, docs
not have a definite valuc of m..

Suppose that 1 wished to measure the valuc of m. for the atom going
to detector C. Onc way to do it would be by setting A to z, B to x. and C
10 x. corresponding to linc (1) of the prediclion. Then I ask what would
happen if 1 uscd only the detectors at A and at B. and forgot abhout the
detector at C. (This despite the fact that it s the atom going to C that
I'm interested 1n.) 1f detector A {sct 10 z) measurcd +. and detector B
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(sct to x) measured +, then detector C {set to x) would have to measure
+ as wcll, bccausc according to linc (1} of thc prediction there inust be
either one or three aloms going to +. So if the atloms going to A and B
come oul through the + ¢xit, then I don’t need to actually mecasure m, of
the atom going to C — I know what's going to happcn at C mcrely by
observing what had happened at A and B.

In fact, the same is true regardless of how the atoms come out at A
and B, as long as thc dctcctors arc set to zxx:

outcomes at outcome 4dt

A B -

o I +
given + 22 then -~

= + ==

e o .

In short, if the scttings are zxx, then by reading the outcomes «t A and
B. I can determine the outcomc at C. 1 don’t nced to actually put an
analyzer at C. The same is true for other directions: reading the outcomes
at B and C enables me to determinc the outcomc at A. and rcading thc
outcoines at A and C enables me to determine the outcome at B. And a
glancc at the quantal prediction on page 51 will convince you that parallel
stalements hold if the settings are xxz or xzx. In short, lines (1), (2,
and (3) of the prediction cnablc you to dcterminc cither m; or m, of any
atom merely by measuring appropriatc quantitics for the other two atoms,
without actually touching the atom in question.

Becausc the detectors don’t communicate with each other, the natural
interpretation of this fact is that when an atom is launched from the source,
it must already “know™ how it will behave at the detector, regardless of
the scuing of that detector. Such an “instruction sct” might be encoded
into the direction of the atom’s magnetic arrow, but it could conceivably
be encoded in some strange or complicaled way. In what follows [ make
no assumption about how the instruction set is cncoded. only that it exists.

The predictisn sf lecal determinism
I will write down the tnstruction set of all threc atoms using a symbol like

atom heading toward
A B C
4+ - - —ifsetto z
(— o +) « if'set to x
This notation means that the atom heading toward detector A will leave
through the + exit if that detector is sct to z, through the — exit if it is set
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to x. The alom heading toward dctcctor B will leave the — cxit regardless
of sctling. The atom heading toward detector C will leave the — exit if
that detector is set 1o z. the + cxit if it is set to x.

Now I ask: What instruction sets arc consistent with the quantal
prediction? We will cxamine the first four lines of the table on page S1 in
turn.

Line (1) of thc table pertains to detecter scttings zxx, so it has nothing
to say aboutl what will happen if A is set to x, if B is sct to &, or if C is
set to z. In the following table the instructions for such settings arc sct
to “?". Notice from the table that with thesc scitings either one or three
atoms leave through the + exit, and therefore the only instruction sets
compatible with line (1) are the following:

instruction sets consistent with line (1)

(3 =) £F 4 2
(2 2 a) £ & 2]

Which of thesce instruction sets is consistent with line {2) of the quantal
prediction as well? We begin by considering only instruction sets of the
type shown in the upper left above. Line (2) involvcs the setting xxz, so
this reasoning will enablc us to fill in the x (bottom) slot of column A and
the z (top) slot of column C. We already know, from the cntry above, that
the atom hcading for detector B will come out through the — exit. Since
a lotal of eithcr one or threce atoms must come out through the + cxit in
this circumstance, then of the atoms heading for A and C, one must come
out through + and thc other through —. Thus the instruction set must be

either
(+2%)w (217)

Thc same game can be played with the other thrce types of instruction
sets consistent with line (1), resulting in:

instruction sets consistent with lines (1) and (2)

+ 7 4 + ? - - 7 - 3
==28 =] [=4=] (s
- 2?2 — - 7 4 + 7 - + 7
(B=ag I=20) 245 (£

-~

+ 4+
N——
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From here it is easy to find the instruction sets consistent with lin¢ (3)
of the quantal prediction as well:

“Instruction sets consistent with incs (1), (2, and (3}
EXE) (2SS [CRE) 15
- - - + - - - 4+ - -+
ey Lood) L2550 [
+ — + — — + - + + -

These eight, now complctcly determined, instruction sets are the only ones
consistent with thc quantal predictions given in lines (1}, (2), and (3).

Which of these eight instruction sets is consistent with line {4) as well?
In linc (4) the detectors are set to z:z, so only the upper row of ihe
instruction sets are relevant. The instruction set shown in the upper left
abovc would result in all three atoms leaving through the + exits of their
analyzcrs. But according to quantum mechanics {see line {4) of the quantal
prediction on page 51), in this casc an even number of atoms must leave
+ exits. Three i1s an odd numbcr, so the instruction set in the upper left
above must be ruled out as inconsistent with the predictions of quantum
mechanics. The instruction sct in the lower right must be ruled out for
the same rcason. All thc remaining instruction sets call for exactly one of
the three atoms to leave through + exits. But onc is also an odd nunber!
In short:

|
[
e

+4+ +
_|_

:)

Instruction sets C()nsisleni_:\r'iih lines (1). 12}. (3), and (4)

NONE!

Once again, the existence of instructions scts —- regardless of how subtly
the instructions are cncoded — is inconsistent with the predictions of
quantum mechanics.

7.2  Hardy’s variation on the Einstein-Podolsky—Rosen experiment

This variation is harder to describe and 1 will not trcat it in detail. It
involves a source that ejects two atoms toward two different detcctors,
each of which can bec tilted to two different angles, and an unusual initial
statc at the source. The experiment looks for a certain combination
of events. The local deterministic prediction is that this combination
will never happen. The guantal prediction is that it will happen with a
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Fig. 7.{. Thc golden rectanglc.

probability of Y.017%. Thus if the combination happens in an experiment
even once, then local determinism must be wrong,

One thing that intrigucs me about this variation is the mathematical
origin of the probability 0.09017.... The number is g°, where the constant
¢ is equal to (5 — 132 = 0.6180... and is called “the golden mean”.
If a linc of length 1 is divided into two pieces so that the ratio of the
length of the wholc to the length of the long piecc is equal to the ratio
of thc length of the long piece to the length of the shoit piece. then the
long piece will havc length g. The ancient Greeks considered a reclangle
of width 1 and hcight g to be the “ideal” (most beautiful} rcctangle.
The Parthenon in Athens, for cxample, has a hcight of g times its width.
Rectangles with these proportions also appear in the work of Leonardo
da Vinci. Titian, and Mondrian. [(n addition the number is connected with
the Grecat Pyramid. the star pentagram (which in onc form appcars in
the Amernican flag and which in another is said to call up the devil), the
Fibonacci sequence, recursion relations, and with algorithms for locating
the minimum of a onc-variable function. But this is the lirst time I'vc cver
seen it appear in quantum mcchanics.
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Optical Interference

8.1 Overview

We have uncovercd the first central pnnciple of quantum mechanics,
which is that the outcome of an experiment cannot, in general, be predicted
exactly: only the probabilities of the various outcomes can be found. In
particular, for the magnetic arrow of a silver atom, we know:

If m- has a dctinite value. thcn my doesn’t have a value. If you
mcasure m,, then of course you find some value, but no onc
(not even thc alom itself!) can say with ccrtainty what that
value will be — only the probabilities of mcasuring the various
values can be calculated.

How do you like it? Do you feel liberated from the shackles of classical
determinism? Or do you leel like Matthew Arnold, who wrote in Dover
Beach that

... the world, which seems
To lie before us like a land of dreams,
So various, so bcautiful, so new,
Hath rcally neither joy, nor love, nor light,
Nor certitude, nor peacc. nor help from pain;
And we are herc as on a darkling plain
Swept with confused alarms of struggle and flight,
Where ignorant armies clash by night.

Regardless of your personal reaction, it is our job as scientists L0 describe
nature, not to dictate to it!

In particular, we know that the modcl of a magnetic nccdle as an arrow,
su carefully developed in chapter 2 and so correct within the domain of
classical mechanics, must be wrong, In classical mechanics, magnetic

§7
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necdics behave like pointy sticks that precess in uniforra magnctic ficlds
and that both prccess and move in non-uniform magnetic fields. We know
that they don't behave this way in quantum mechanics, but we don’t yet
know how they do behave. We begin our search for their true behavior
by examining what will turn out to be an analogous phenomenon, nainely
mterference in light.

8.2 The interference of light

Light does not always travel in straight lincs. You can demonstrate this
for yourself with no morc cquipment than your hand and a street lamp.
(Go out on a dark might and look at the street lamp through a V formed
by two of your fingers. Bring your fingers closcr together to close the
gap of the V. Just betore your fingers louch and totally block your view
of the street lamp, you will see the image of the street lamp become
wider and wider as the gap between your fingers becomes narrower and
narrower. (Alternatively, squint at the street lamp as your eye lids
grow very closc togcther. the image of the street lamp grows very broad.)
This is becausc light “sprcads out” when it passes through a very narrow
shit:

—|
—

Even 1morc remarkable is what happens when light passes through two
adjacent narrow shits, a phenomenon called “two-slit interference™:

light from light from light from
slit aalone slit balone both slits
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8.3 The undulatien picture M

If only slit a were open. the light would spread out. as we have just seen,
to make 4 wide bright band centered behind slit a: similarly for slit b. But
if both slits werc open, then the light would brcak up into a number of
narrow, very bright bands separated by complete darkness. Notice partic-
ularly the situation at point P: This point is bright i either slit a or slit b
is open, but dark if both shits are open! The term “inter(erence™ is quite
appropriate for thc phenomenon at this point: the light coming from slit b
does not “cooperate” with the light [rom slit a to make brightness at point
P, instead it “intcrferes” with the light provided by a to produce darkness.

You can demonstrate interfcrence at home also. although the demon-
stration applies to light passing through many slits rather than through
just two slits. (The results for the two different cases arc actually guite
similar.) A feather contains many parallel narrow slits. If you view i street
lump through a feather, you will see several images of the strcet lamp
located side by side, and separated by darkness at points like point P.

Any explanation/description/recipe for this phcnomenon must allow
two sources of light to add up to darkness. | will describe two possibilitics:
the imaginary undulation and the imaginary stopwatch hand.

8.3 The undulatien picture

In this picture cach shit acts as a source of imaginary undulations —-
like water waves except that therc’s no water. The undulations are close
together: 15 800 wave crests per centimeter for red hght, somewhit more
for other colors. The total “water surface motion™ is the sum of (he
undulations from each source. The sensation of light hrightness at a point
is due not to the height of the “watcr™ there. but due to thc dilference in
hecight from crest to trough there. (Quantitatively, in fact. the brightncss
is proportional to the square of that difference.)

The figure below is a schematic diagram of the ymaginary undulations

jt]
Nt
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produced by a single slit at a given instant. The thin lines mark the wavce
crests, the troughs (not shown in the diagram) tall half-way between the
crest lmcs. As time goes on the wave crests travel to the right, and new
crests emerge from the sl source to replace them. (At the particular
instant shown in this snapshot, a new crest is just #bout to emerge from
the slit.)

The figure below similarly shows the imaginary undulations produccd
by a different singlc slit, located somewhat lower.

e
e

What happens when both slits are present? The figure below is similar
to the two above in that it shows the situation at a single instant, but it
diffcrs in that the circles radiating from the two slits do not mark wave
crests. Instcad the circles radiating from slit @ mark wherce the wavce crests
would be if only slit a were present, and thosc radiating from slit b mark
where they would be if only slit b were present. The actual status of the
water surface, 1.e. the total “water surfacc motion”, must be found by
summing the undulation from slit a and thc undulation {rom slit b.

Point Q is located exactly half-way betwcecen slit a and slhit b, so when a
crest from a arrives there a crest from b arrives also, and the “water level™
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is very high. Similarly the troughs from a reach point Q at the same time
that the troughs from b do, so then the “water level” i1s very low. Thus
the “water surface” rises and falls dramutically at point Q. corresponding
to intense brightness there.

The situation at point P is very different. It is somewhat closer to slit a
than it is to slit b, so when a crest from sht a arrives, the corrcsponding
crest from slit b s still in transit, instead the contribution (rom slit b is
the preceding trough! At point P the crests from a arnve on top of the
troughs [rom b. and the troughs from a arrive on top of the crests from b.
Indecd, the contributions from the two slits exactly cancel out at all tiumes,
so the “water surface™ does not move at all, corrcsponding to complete
darkness. Now vou can see how. in this picture, two sources of light can
interfere to produce darkncss.

8.4 The stopwatch hand picture

In this picture each slit sends out streams of “photons” (“particlcs of
light™). When the slit releases a photon. an imaginary stopwatch hand
starts moving. For red light. the hand rotatcs 15800 times every time the
photon moves one centimeter. To find the brnightness at any point, add
the two stopwatch hands (one from each slit) by laving them tail (o head.
The “sum™ stretches from the tail of the first stopwatch hand to the head
of the second stopwatch hand. The brightness at that point equals the
square of the magnitude (i.e. the “lcngth™) of thc sum.
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It is traditional to start each stopwatch hand pointing to the right, ie.
to 3 oclock, and to rotate it counterclockwise, but this 1s only conven-
tion. Any other convention, as long us it is applied consistently, will
find the same resulting brightncss pattern. A stopwatch hand s also
called a “rotaling arrow”, a “phasor™, or, by the cognoscenti, a *“complex
number®.

[For example, in the two-slit situation dcscribed above, the stopwatch
hand associated with photons that travel from a to Q starts pointing at 3
o'clock, rotates three times, and ends up pointing to 3 o’clock again. { I'his
is becausc the distance from a to Q s exactly 3/(15 800) centimeters.)
Similarly for the stopwatch hand associated with photons that travel from
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b to Q (which is exactly the samc distancc). The sum arrow is a long one,
corresponding to intense brightness.

——a plus e——= cquals = —

A I

Turning our attention now to point P, we find that the arrow associated
with photons traveling from a to P retates threc complete times. stopping
at 3 o'clock. (T'he distance from a to P is again 3/(15 800) centimeters.)
Mcanwhile the arrow associatcd with photons traveling from b to P
rotates three and a half times, stopping at 9 ¢’clock. (Because the distance
from b to P is 3.5/(15 800) centimcters.) Thcse two arrows add to zero,

7

e plus w—u  equals

A

corresponding to complete darkness. Again you see how this picturc, like
the wave picture, permits two sources ol light to interferc and produce
darkncss.

8.5 Philesophical remark

There are no stopwatch hands, just as there is no water. Both of thesc
picturcs are nothing but analogies  mathematical schemes that permit
us to calculate the brightncss of the light striking various points. Yet both
pictures give completc and accurate descriptions of the behavior of light.
Onc¢ scheme cannot be preferrcd over the other on sclentific grounds,
bccause both give cxactly the same results for the brightness. Neither
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scheme gives an underlying mechanism™ that tells us “what’s really going
on”. Ncithcr. I supposc. is what God was thinking whea he/she/it created
the universe. If vou want the answers Lo such guestions, you must consult
a pricst, not a scicntist.

8.6 Problems

8.1 Adding arrows. Thrce stopwalch hour hands ¢ach have a length of
[ive inches. One stopwatch hand points to noon (“*due north™). the
sccond to 3 o'clock (“*duc cast™), and the third to 1:30 (“northeast™).
How long is the sum of the three arrows, and in which direction: does
it point? Hint: This is the 1:1:,72 right trianglc again.

8.2 Philosophical remark. Here are three difterent ways to add seven and
sixteen: (1) Use arabic numerals 7 and 16. (2) Use roman numerals
VII and XVI. (3} Put scven marbles in a box, put 1 sixteen morc,
then count all the marbles in the box. Which process is “rcally going
on’ in addition?

“ For an insightful discussion about mathematical algorithms ns. clockwork mechanisms. sce
chapter 2. “The relation ot mathematics to phystcs” of RP. Feynman, The Character of Physicat
Law (MIT Press. Cambridge. Massachnsens, 19653
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Quantal Interference

We have seen that quantum mcchanics can only tind probabilities and not
certainties. Now we must find out how to work with these probabilities.”
We will do this by examining the results of several expcrinicnts performed
with a new instrument, the interferometer (also called an analyzer loop).
The interferometer is a Stern—Gerlach analyzer followed by plunibing
that yecombines the paths of atoms leaving from either exit. The dcsign

NS

above is represented by the simple figure below. An interferometcr must be

constructed in such a way that the two branches arc absolutcly identical,
whence it is impossible to tell by examining the outgoing atom which of the
two branches it went through. For example, the two branches must have
cxactly the same length, becausc othcrwise it would take an atom more
time to traverse the longer branch. Because of this precise construction,

* ‘I'his book presents the standard description of quantum mechanics. Other deseriptions  motahly
that of Duvid Bohm — ure also possible. Bat. as required by the Einstein~Podolsky-Rosen effect,
all of (he viable alternative descriptions agc cither probabiiistic or won-luocd of both.

64
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when an atom leaves the interferometer it Is in exactly thc samc state
as it was when it cntered. This holds regardlcss of the interferometet’s
orientation.

Thus the intcrferometer is an instrument that does nothing at all' The
outgoing atom is the samc as the incoming atom. It is hard to sec
why anyone would want to build one. Of course it can bc made to dao
something useful by blocking one of its two branchcs. For example, in the
intcrferometer below the lower branch is blocked. so it bchaves just like
a vertical Stern <Gerlach analyzer with its bottom exit blocked: mot all of
the incoming atoms will go out, but cach one that does has m, = +mg.

L

I will dcscribe several experiments using the apparatus skctched below.
In all cases the input atom has m, = +mg (it has been gathcred from the
+ exit of a vertical analyzer not shown in the figure). The atom passes
through a horizontal interferomeler, and then it is analyred with a vertical
analyzer. An atom leaving the — exit of the vertical analyer is considered
output, while an atom leaving the + exit is ignored.

>

m::+mn

Sy ;

——— -
a : ovtput
intermediate >

= |

input

9.1 Experiment 9.1: Branch a is blocked

If branch a is blocked, then:

The probability of passing from input to intermedidte is %
The intermediate atom has m, = —mig.
The probability of passing from intermedidte to output is %

The overall probability of passing from input to outputis § x 1 = 1.
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9.2 Experiment 9.2: Branch b is blocked

Il branch b is blocked, then the expcriment proceeds cxactly the same as
expcriment 9.1, except that the intermediate atom has m. = +ma.

9.3 Experiment 9.3: Neither branch is blocked

Andlysis A. (Using the laws for compound probability.)
The atom gocs from input to output either through branch a or
through branch b.
It gocs through branch a with probability }, or through branch b
with probability _%, so the overall probability of passing from
input to output is § + = .

Analysis B. (Using the fact that an interferomcter passes atoms un-
changed.)

The probability of passing from input to intcrmediate 1s |.

The intcrmediate atom has m. = +-mg.

Any such atom leaves thc + exit of the vertical analyzer, so ...

The overall probability of passing from input o output is 0.

A monumental disagreement! Which analysis is correct? Fxperiment
confirms the result of analysis B, but what could possibly be wrong with
analysis A? Certainly ,,€+ }, = 3 1s correct, certainly the rulc for compound
probability (which is embodied in the second sentence) is correct. ‘The
only possible crror is in the (irst sentence: “The atom goes €ither through
branch a or through branch b.” This common-scnse assertion must
be wrong! Indeed, if the atom passcd through branch a then at the
intermediatc stage it would have a definitc value of m, = +mg, but we
know that this intermcdiate atom has a dcfinite value of m, so it can’t have
a dcfinite value of m,. The interferomcter. which seemcd so useless just a
moment aga. is in fact an extremely clever way of correlating the position
of an atom with its my: if my = +mg. then the position is in branch
a; if m, = —my, then thc position is in branch b. Sincc the incoming
atom lacks a definite value of my,, it must lack a definitc position as well.
The English language was invented by people who did not understand
quantum mechanics, so it doesn’t have an accurate concise way to describe
what is going on in this experiment. The best approximate phrasc is “the
atom goes through both branches™.

This conclusion seems patently absurd. Actually it is correct, and it
seems absurd only if one thinks of an atom as being like a marble, only
infinitely smaller and infimtely harder. In fact an atom 1s no more 4
small hard marblc than an atom’s magnetic needle is a pointy stick. These
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classical ideas are simply wrong when applied to very small objects. But
I don’t cxpect you to tuke my word [or it. Let's perform an experiment
in which we actually look at the two branchcs to see whether the atom is
going through branch a. branch b, or both branches.

94 Experiment 9.4: Watching for atoms

[n this experiment neither branch is blocked, but we train a powerful
lamp on cach branch to see whether the atom passes through branch a or
through branch b. Inject an atom into the apparatus — a moment later
we see a glint of light at branch b: the atom is going through branch b.
Another atom, a glint at b again. Then a ghint at a, then b aguin, then at
a, elc. Never do we see, say, two weak glints, onc gl a amd the other at b,
“Ah ha!” you say, “So much for your metaphysical nonsense, Mr. Styer.
Our observations show that the atom is going cither through branch a or
through branch b, and ncver through ‘both’, whatever that may mean.”

True. Bul now look at the probability of passing from input to output.
For unwatched atoms {expcriment 9.3), that probabulity is zero. For
watched atoms (experiment 9.4), that probability is 3. If an atom is
watched, then it does go either through branch a or through branch b,
analysis A iy correct, and half the atoms do leave the output! In {act, when
the glint is seen at branch a then the intermediatc atom hias my, = 4y, as
can be confirmed by replacing the vertical Stern-Gerlach analyzer with a
horizontal onc: an atom that causes a glint at branch a will always lcave
through the + cxit of a horizontal analyzer, while one that causes a glint
at branch b will always lcave through the — exit.

Clearly a “walched™ (or “observed™) atom behaves differently from an
unwatched atom. Much silliness has becn written concerning the subject
ol preciscly what constitutes an observation. Suppose, for examplc. that
we train the lamps on the interferomcter but turn our backs and don’t
look for the glints. Have the atoms been watched or haven't they? What
il the glints are watched by cats rather than by human bcings? Such
questions arc most easily answered by considering a parallel cxperiment.
Suppose we turn our backs on the glints but record them on a movie.
Now supposc the movie is played back. to either a human or a feline
audience. one hour aftcr the experiment i1s finishcd. Certainly by this time
it 1s too late to change the way atoms exit from lhc veetical analyzer! In
fact the significant question is not whether somcone actually sees which
branch an atom takes, but whether it is. in principle, possible to dctermine
which branch an atom takes, regardless of whether any human actually
takes advantage ol thal possibility. (Sometimes the term “registered™ is
uscd instead of “observed™ or “measured™ to emphasize that no human
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involvement is rcquired.) From this perspective, the blocks in expcriments
9.1 and 9.2 arc simply ways to determine which branch the aiom took:
if the atom emerges whilc branch a is blocked, then it must have taken
branch b. (I warn you, however, that it is not always easy to decidc
whether or not an observation i1s “in principle possible”, nor to uncover
the exact moment at which an observation is made.)

Perhaps you think that the “problem™ with experiment 94 is that the
atoms arc being disturbed by the intensc light. An atom is a tiny thing,
after all, and pcrhaps the blast ol light is simply pushing it around
uncontrollably. This thought inspires the next two experiments.

9.5 Experiment 9.5: Watching for atoms at branch a only

In this casc the intense light 1s trained only on branch a, so it cunnot
possibly disturb an atom that passes through branch b. As an atom passes
through the intcrierometer there is either a glint at a, which means that
the atom has passed through branch a, or else there is no glint at all.
which means that the atom has passed through branch b. Since it is
possible to determine which branch the atom passcd through, the results
are exactly thc same as those of experiment 9.4.

9.6 Experiment 9.6: Watching for atoms with dim light

Although the light is dimmer, the glints are exactly the same! (This 1s
because each ghnt corresponds to exactly one photon.) When the hght
is dim, however, some atoms pass through thc interfcrometer without
producing a glint at all. Caretul analysis ot thc experimental results
shows that an atom which produces no glint bchaves just as if 1t were in
cxperiment 9.3 (unwiatched atoms), while one which does produce a glint
bchaves just as if it were in experinicnt 9.4 (watched atoms).

9.7 Is measurement magical?

How can the behavior of an atom dcpend upon whcther or not it is
becing watched? Cant watching happen without the atom being af-
fected? No. The only way to ohserve/mcasure/watch a system is 10
influence/disturb/alter it in some way. Consider, for cxample, a ball
tossed upward in a room with cceiling lamps. If the lamps are off, the hall
will ascend to a certain height. If the lamps are on, then the light will press
down on the ball and it will attain a somewhat lower height. This cffcct



9.8 Undersianding 69

is negligible if the ball is a baseball' but important if the ball is an atom.,
becausce it is much €asicr 1o push an atom around than a baseball. (Notice
that it 1s the presence of light, not of walchcrs, in thc room that makes
the differcncc. @nce again, the important issue 1s whether the observation
is possible in principle, not whether @ person — or a cat — happens to
{ake advantagc of that possibility.)

This is not to say that all questions concerning quantal measurement —
and concerning its sister subject, the classical limit of quantum mechanics
— are complclcly solved and pat. They are not. Consider the question of
the Stern—Gerlach analyzer vs. the Stern-Gerlach interferometer. In the
first device. the atom emcrges from onc cxit or the other but not both. In
the second device, the atom goes through one branch or the other or both.
But the front half of an interferometer is exactly the same as an analyzer!
How does the atom “know” that in the inter{erometer the two branches
wiil ultimately be recombined?* Questions like Lhese are [ar anore subtle
than they appear. and are the subject of current investigation. Although
measurement Is not magical, it still holds mysteries.

9.8 Understanding

Whenever [ lecture concerning the topic of this chaptcr, studcnts approach
me afterwards and say ““I followed the lecture, but I just don't understand
it.”" When I delve into exactly what is disturbing these students, it usually
turns out to be one of two conceptual roadblocks: either the student
simply finds that this behavior is unfamiliar and unexpccted, or clsc (s)he
is seeking a mechanism which underlies the behavior.$

This bchavior certainly is unexpected, but that doesn’t mean that it is
wrong. If you were born in orbit in a spacc station and landed on earth
for your sixteenth birthday, then you would find gravitational attraction
unfamihar and unexpected. But it is not wrong (o fcel that way. Indecd
gravity truly is a mysterious force! Many pcople Iccl more comfortablc
with a new phenomenon if it is given a name. 'The strange attraction of
remote bodies is called “gravity”. Perhaps it will comfort you to know
that the strange phenomenon described in this chapter is called “quantal
interference”.

* lndeed. tiw cffect is snyvall enough that many people don't know it exists. Iowever, all science
fiction buffs have read storwes about spaceships driven by Lthe sunlight reflected from huge
gossamner sails.

? This is the content of the so-called “Schridinger’s cal™ paradox.

» Another discussion of the meuning of “understanding”™ in science is givenn by RP. Feynman
in QF0: The Strange Theory of [ight and Mater (Princeton University Press. Princeton, New
Jersey. 198351 pagcs 9-10.
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What is the mcchanism that underlies quantal mterfcrence? People ask
this question thinking that there is somc explanation ol the sort: “*An atom
is madc up of two bricks held together with a rubber band, and whcen
the rubber band hits the wall of branch a then the two bricks oscillate
back and forth and ...”. But an atom is not madc up of bricks and
rubber bands. Instead bricks and rubbcr bands are made up of atoms!
The Einstein—Podolsky—Rosen arguments show that no local deterministic
mechanism, no matter how intricate, can lead to the results of quantum
mechanics. As far as anyone knows, there is no mechanism. This is simply
the way the universe works.
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9.10 Sample problem

In the apparatus sketched on the next page, atoms with m. = +my
are passed through a horizontal interterometer (number 1) then a vertical
interferometer (number 2). If all branches are opcn. 100% of (he incoming
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Fig. 9.1. Two interferameters. (Sample problem on puge 71.)

atoms cxil from thc output. What percentage of the incoming atoms leave
from the output if the following branches arc blocked? (The atoins arc
not obscrved as they pass through the interfcrometers.)

(a) 2a (d) 1b

(by 2b (cy 1band 2a

{c) 1a (f) 1a and 2b
Solution

Only two principles are needcd to solve this problem: First, an atom
leaving an unblocked interferomcter leaves in the same statc that it was in
when 1t cntered. Second. an atom leaving an interferometer that has onc
branch blocked leaves in the stale specified by the branch through which
it passed. regardless of what its entry state was. Use of these principles
gives the solution on page 73. Noltice that in changing from situation (a)
to situation {e), you add blockage, yet vou increase the output!

9.1

9.11 Problems

Terminology. Why are thc phenomena described in this chapter better
called “atom interferencc” rather than “the intcrfcrence of atoms™?

A different interference setup. If the apparatus sketched on page 65
were changed so that atoms leaving the — exit were ignored, and
atoms Icaving the 4+ exit were considered output, then what would be
the probability of an atom passing from input 1o output if {a) branch
a werc blocked, (b) branch b wcre blocked, or (c) neither branch
were blocked.

Three interferometers. Atoms with m. = +mng pass through a horizon-
tal interfcrometer, then a vertical intcrferomeltcr. then a horizontal
interferomcter, as shown on page 74. What pcrcentage of the in-
coming atoms Icave from thc output if the following branches are
blockecd? (The atoms are not observed as they pass through the
interferometers.)
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Fig. 9.2. Three interferomercrs. (Problem %.3.)

(a) 3a (d) 2b (g} 1band3b
(b) 3b (¢) 1b (h) 1b and 3a
{c) 2a () 2aand 3b (i) 1 and 3a and 2a

(Notc that in going from situation (h) to situation (i) you get more
output from increased blockage.)

94 Paradox?

(a)

(b)

The ycar is 1492, and you are discussing with a friend the radical
idea that the eartb is round. ~“This idca can’t be correct,” objects
your friend, “because it contains a paradox. If it werc trug, then
a traveler moving always due east would evcentually arrive back
at his starting point. Anyonc can see that that’s not possible!”
Conviree your friend that this paradox ts not an internal incon-
sistency in the round-earth idca, but an inconsistency between
the round-earth idca and the picture of the earth as a plane, a
picture which your friend has internalized so thoroughly that he
can't recognize 1t as an approximation rather than the absolute
truth,

The year is 1992, and you are discussing with a friend the radical
idea of quantal interfcrence. “This idca can’t be correet,” objects
your friend, “because it contains a paradox. If it wcre true.
then an atom passing through brinch a would havc to know
whether branch b wecre open or blocked. Anyone can see that
that’s not possible!” Convince your friend that this paradox
is not an internal inconsistency in Quantum mechanics. but an
inconsistency between quantal ideas and the picture of an atom
as a hard littlc marble that always has a definite position, a
picture which your fricnd has internalized so thoroughly that he
cant recognizc it as an approximation rather than the absolute
truth.

(5t you cannot solve this problem now. then come back 10 it after
reading scction 13.2. “What does an electron look like?”)

Definite position. *It is absurd.” Mr. Parkcr says, “to think that an
atom might not have a definite position. It’s not just atoms and
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positions, but anything must have a definite value for any of its
attributes.” You know that a glass prism splits whitc light up into its
comnponent colors. Convince Mr. Parker that a prism docsn’t have a
definite color.

Misconcepiiens. In his book In Search of Schridinger’s Car, John
Gribbin describcs an experiment similar to our interferometer ex-
periments, and concludes that “unless someone looks, nature hersclf
does not know which hole the electron is going through”. Which two
misconceptions are embodied in this scnience?
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Amplitudes

10.1 The amplitude framcwork

m-=<4m, :
) " :
input
a i __ output

intermediale

Recall from the [irst thrce quantal interfcrence experiments (pages 65 67)
that in the above apparatus, the probability of passing from the initial state

(at input with m; = +mg) to the linal state (at output with m;, = —my) is
siluation probability
branch a open 1/4
branch b open 1/4
both branchcs open 0

Clearly the probability of passing through both branches does not equal
the sum of the proba bility of pissing through branch a plus the probability
of passing through branch b. On the other hand, it seems natural 10 ascribe
the total probability 10 some sort of an “influencc through branch a™ plus
an “influence through branch b”. (Recall that optical intcricrence was
described by a similar picture, where the “influence through a slit” was
either the undulation due to that slit or the stopwatch hand associated
with a photon passing through that slit.) It somchow seems unscienfific
to call these things “inlluences™, a word beloved by mediums and witches,
so they are called “armplitudes™ (or sometimes *“‘probability amplitudes™).
At the moment the existence ot amplitudes s nothing but a reasonablc
surmise, but this guess will turm out to be an cxcellent onc, supported by
reams of evidence (to be reviewced later in this chapter). For now. however,
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our task is to firm up the concept of amplitudes. and, in particular, to
find a mathematical representation for them.

The salicnt feature of amplitudces is that the sum of an “amplitudce
to pass through branch a” plus an “amphtude to pass through branch
b” can lead to a total probability of zcro. Thus an amplitude cannot
be represented by an intrinsically positive number, bhecause two positive
numbers cannot add up to zero. There are, however, many classes of
mathcmatical entities for which two elements of the class can add to zero.
One such class is the real numbers, as demonstrated by {+0.7)4+(—0.7) = 0.
We will see in section 11.1 that the class of real numbers cannot adequately
rcpresent all possible amplitudes. Insticad, amplitudcs must be represented
by two-dimensional arrows’ similar to thc rotating stopwalch hands of
the optical interfercnce experiment (section 8.4). If there are several ways
of going Irom thc initia) to the {inal slate, then the “total amplitude™ tor
doing so is just the sum of the several individual amplitudes, where arrows
are summed by placing them 1ail to head as describcd on page 61. The
probability of going from the initial to the final state is just the square of
the magnitude of the total amplitudc arrow.

Let us see how thc general idcas of amplitudes and probabilities pre-
sented above can explain the first three quantal interference cxperiments
from the preceding chapter. The amplitude to go from input to oulput via
branch a is representcd by an arrow of magnitude % pointing nght: —.
The amplitude to go from input to output via branch b is represented by
an arrow of magnitude % pointing left: «. When both branches arc open,
the total amplitude is reprcsented by the sum of the two arrows. which is
just an arrow of magnitude 7ero.

sttuation

sum of amplitudes probability
branch a opcn - 1/4
branch b opcn — 1/4
both branches open . 0

Now we can firm up thc vague phrase “the alom goes through both
branches™ introduccd in the Jast chapter. Its precise mcaning is simply
that therc 1s an amplitude for the atom to go through cither branch.

Technical aside: The above paragraph illustrates important gen-
eral {cchniques (or assigning amplitude arrows. The magnitude
ol an arrow can bc fixed by knowing thc corresponding proba-
bility, because the magnitude 1s just the square root of the prob-

* ‘These amphtude arows arv aot refated 1o the magaetic needlc arrows introduced in chapter 2.
This book represents magiwlic ncedles by wrrows with filled arrowbeads and amplitudes by
ariows wilh open arrowbeads.
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ability. (In the situation above, % = \,/%.) The angles betwcen

the arrowss arc harder to (ind: they must be uncovered through
the results of intertercnce experiments. Scction 11.1 (page 86)
works out such an assignment problem in some detail

Amplitude arrows are mathcmatical tools that permit the computation
of probabilitics, they arc not physical entitics that arc actually located
in space and observablc if only you werc to look hard enough.’ You
must not think that there are two real live physical arrows out there,
onc flying through branch a and thc other flying through branch b. For
one thing, thc amplitude arrows are dimcnsionless — an arrow is not
! inch long or § millimeter long, it is just } long. For another, the
orientation ol the arrows is not specified exactly. If each arrow in any
given problem is rotated by the same angle, then the samc probabilities
will result. The association between the physical cntity (an amplitude) and
its mathcmatical representation (an arrow) is not unique.t Finally, we will
see in scction 11.2 (page 91) that amplitude arrows must oftcn be assigned
to composite processes, such as the motion of two particles, where it is
impossible to associate an amplitude with a single particle.

We have uncovered the second — and last — central concept of quan-
tum mechanics: The probabilities of various outcomes arise through the
interference of amplitudes. This is a good place to summarize our entire
discussion.

A summary of all quantum mechanics
The question of quantum mechanics:
What is the probability of going from one state 1o another?
The framework tor answering that question:
(1) Enumerate all ways of going betwcen the two states.
(2) Assign an amplitude (an arrow) 1o each way.
(3) Add up all the arrows {place arrows tail to hcad, the sum stretches

I'rom the first tail to the last head).
(4) The probability s the square of the magnitudc of this sum arrow.

This list is a framework rather than an actual recipe for answering
the question because it doesn’t say how to perform the assignment of

1 Indeed, it is possible to find scheres for calculating the outcome probabilities that do not make
use of amplitud arrows at all. One such scheme — which is somewhal like the “watsr wave”
scheme for calculating the interlerence cffcels of light  was inveoted by David Bohm.

$This is not so unusual ax You might at first think. For example. the relationship beiween Jengths
arwl positive numbers 1S not umque. The same length is represeantcd by both 2 {fect) and 24
(inches).
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amplitudes to ways requircd hy point (2). Physics majors spend many
years learning the rules for assigning amplitudes. (As wcll as learning
how to guess which rules might apply in sitnations that have not yet been
encountered’) For this book, T will just tell you thc appropriate rles as
they are needed. {If you ask your physicist [Tiends about rules for assigning
amplitudes, they won’t know what you’re talking about. That’s because
they use the technical phrase “the Hamiltonian (or the Lagrangian) tor the
system” instead ol the phrase ““the rules far assigning amplitude arrows™.)

Another problem with implcmenting this framework is less obvious.
Whai, preciscly, is meant by a “staic”™? This is another guestion that
can require considcrable thought and cxpcrimentation 1o answer, and for
which the answer is somctimes surprising. For the “unwatched™ atoms
considcred so far in this chapter. the statc is specified as, for example,
“an atom leaving the — cxit ot the vertical analyzer”. But [or “watched”
aloms, the state specification must give information about both the atom
uand the photon that intcracted with it. This is how the results of quantal
intcrterence experiments 9.4 through 9.6 on pages 67-68 can bc worked
into this framework.

For cxample. part A of figurc 10.1 (next page) shows an aiom with
m. = +mg cntering an interfercnce apparatus while a photon approaches
branch a to observe the atom. (In the [igurc, the atom is represcnted
by a dot and the photon hy a square.) If" the atom is observed to pass
through brinch a {photon is deflected, as in situations B and C) then the
intermediate atom has m, = +my and thc atom could leave through either
the + or the — exit of the vertical analyzer. 1f the atom & not observed
(thc photon misses. as in situation D} then the intcrmediate atom has m, =
+myg and the atom must leave through the + exit of the vertical analyzer.
Thus there is some amplitude to go from state A to statc B, and some
amplitude Lo go from statc A to state C. but no amplitudce to go from state
A to state D. But states B and D are exactly the same as far as the atom is
concerned, they differ only in the pholon. Thus to specify a “state™ in ths
circumstance you must give the position of both the atlom and the photon.

Finally, the framework is imprecise about the meaning of “way”. Sup-
pose an atom movcs from point A to point B. This could be done through a
direct. straight Tinc route, or it could be done via a detour to London. Both
of these paths arc “ways” to perform thc move and both must be consid-
ered. But there are other. less obvious, ways. For example, the atom could
leave point A, move toward B, cmit a photon, move toward B a hittle morc,
reabsorb that samc photon. then continuc its journey on to point B. Or
it could leave point A intact, break into three pieces and then rcassemble
before getting to point B. Do such bizarre mechanisms constitute “ways
lo go from the initial 1o the final state™? Yes they do. Most of 1he timc,
however. such truly bizarre ways can be ignored tor practical purposcs
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Fig 10.1. Various states for an atom being observed as it passes through
an interferometer. To specify a state, you must give the position of thc photon
{represented by a square) as well as the position of the atom (represented by a doi).

because (1) thc arrows associaied with such ways arc quite small indeed
and (2) there are a host of other ways that arc similar to, say, thc three-
pieces way (for example, the atom breaks into four pieces) and the various
arrows from this host of similar ways point in all dilferent dircctions, so
when they are all added together they lend to cancel cach other out.

10.2 Evidence for the amplitude framework

In the Einstein~-Podolsky—Rosen experiment we lound a single definitivet
experiment which proved that classical mechanics (or any other local

¥ That is. defimtive except for the considerations mentioned on page 49. i is a characteristic
of aviente that all expuenments invelve crror and thos that ne experiment — and no scieniific
statcment  is absohuely definitive.
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deterministic scheme) must be incorrect. It would be nice to present now
a definitive cxperiment which proves that the amplitude framework is
correct. This cannot be done. @nc experiment can prove a general idea
wrong, but no number of cxpcriments ¢an prove that idea right. This 1s
the pature of a general idca: it 15 supposed to work in all cases, so if i
fails in a single test it must bc wrong, but if it passes a4 million tests it
might still fall thc million and first test. (To prave that rhinoceroses exist,
you only need to find one rhinoceros. To prove that unicorns do not exist.
you need to scour the earth and find none.) Because general ideas cannat
be proven corrcct, 1 will instead present an ovcerview of the many and
various situations to which thc amplitude framework has been applied,
and for which it has never yet been found wanting.

object approximate size
person  10Y meter

fly 107 meter
hair width 10~ meter
bacterium 10 ® meter
DNA width 10~* mecter
atom 10710 meter
10~ meter
nucleus 10~ meter
107" meter
108 meter
quark  10~% meter

10 = meter
10~%* meter
10~ meter
10~ mcter
10- ¥ meter
10732 meter
10 *3 meter
193¢ meter

Planck length

| approach this overview through the abovc list of objects of various
sizes. A person is about two melcrs tall, so 4 person is listed on the length
scale of [ meter = 10” meter. (Qf course, not all people are the same
size, and cven if they were, two meters Is not the same as onc mcter. But
this list 1s just a rough guide. This tablc gocs down to objccts that are
much smaller than aloms, and the basic point -- that people are a whole



.

i It Ampitrudes

lot bigger than atoms — is made whether people are listed as about one
meter tall or about two meters tall.} The list goes to smaller and smaller
lengths until 1t reaches microscopic objects that were not discovered until
the end of the nincteenth century. Therc is a wide range of lengths here

- 4 person is a mijlion times bigger than a bacterium - but classical
mechanics is ablc to explain phcnomena at all these length scales.

But here the domain of classical mechanics ends. The structure of atoms
was under intense investigation in the 1910s and 1920s, and everyone’s
first thought was of coursc to apply classical mechanics to these ncw
length scales. Everyone did, and the resuits were catastrophic — classical
mechanics made a number of patently incorrect predictions about atomic
phenomena. Physicists first attcmpted to work within the framework of
classical mcchanics by invoking ncw (orce Jaws within the old framework
to explain thc new observations. These attempts faled. Then they tried
to makc the smallest possihle modifications of the classical framework.
Evcentually thesc attempts failed also, and physicists were (orced o develop
the entirc new framework ol quantum mechanics lo explain these facts. It
took a long time growing, but oncc it arrived thc amplitude framework,
coupled with rules for assigning amplitudes. was able lo explain atomic
pbcnomena wilh extraordinary accuracy.

The story does not stop here. howevcr. In the t1930s physicists probed
the even smaller world of the atomic nucleus. Many strange and wonder-
ful phenomena were uncovered. There was talk that quantum mechanics
would not be able to cxplain these new observations, and that it would
have to yicld to yct another framework. But no: after sufficient thought
and cxpernimcntation it was found that the amplitude framework was ade-
quate for explaining nuclear phenomena. although ncw rules for assigning
amplitudes had to be developed.

[n the 1950s and 1968s the subnuclear world was investigated in detail.
New elemcntary particles were discovered, ncw and strange interactions
were found. and there was talk that a new version of mechanics would be
neccssary to explain all the observations. But atter a while it was found
that the quantal framcwork was perfcctly adequatc for the subnuclear
world, once the proper rules for assigning amplitudes werc uncovered.
Now the nuclcus is known (o be made of neutrons and protons, which
in turn arc made up of quarks. Studics of quarks have led to measuring
the shortest length ever cxperimentally investigated, about 10~ mcter.
This length 1s as small, rclative to an atom. as an atom is small, rclative
to a person. All the way down this staircase, the framework of quantum
mcchanics has proved to be adequatc.

But whilc experimentalists — for now — cannot look smaller than
10 '® nieter, there is nothing to stop theorists from speculating about
even shorter length scales. Right now a lot of theoretical investigation
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centers on lengths around 10~ meter, the so-called Planck length, where
quantum cliccts become important for the gravitational force. The Planck
length 1s cven smaller, relative to a nucleus, than a nuclcus is, relative
io a person. In the 1980s theorists started to do cakulations concerning
phenomena at this length scale, and all sorts of impossible things started
to come out. There was talk that a ncw framework ol mechanics would
be needcd o replace the quantal framework, but eventually new rulcs (or
assigning amplitudes were found that enablc calculations to be performed
consistently. Thesc new rulecs go under the name of “superstring thcory™,
and they are very strange indeed: They predict a universc ol nine spatial
dimensions, six of which have curled up into little tubes so tiny that we
don’t notice them. (In fact, the little tubes are so tiny that atoms don’t
nolice theny cither.) They descnibe a world where every parlicle has a
complcmentary “sparticle”, and where elementary particles themsclves are
more likc threads or handkerchicfs than like dols. Strange as this thcory is,
however, its newness ftalls cntirely within the domain of rules for assigning
amplitudes — it employvs exactly thc same quantal framework that was
uncovered in the 1920s.

In short, the (ramework ol quantum mechanics has proven to be re-
markably rcsilient, capable of explaining phenomcna all the way from
10~'" meter 1o 10~ meter. (In fact it also explains phenoincna at lengths
above the atomic scale, hccause these phenomena are governed by classical
mechanics and, as wc mentioned briefly in chapter | and will see in more
detail in chapter 14, classical mechanics is nothing but an approximation
to quantum mechanics that is accurate only at large length scales) It
has often happened that new amplitude rules were needecd to explain the
new phenomena discovered when a new length scale was investigated, but
so tar such new rules have always slippcd seamlessly into the amplitude
{ramework.

What of the future? Wc can expect that physicists will kecep on in-
vestigating new phcnomena. We cdn expect that new rules for assighing
amplitudes will be uncovered. Will these ncw rules always fit into the
by-now-lamuliar framework? It is of course impossiblc 10 know what will
happen when thesc investigations are carried out, but my own guess is
that the quantal framework is not the final word. My gucss is that at some
point someone will investigate a phenomenon — perhaps a newly discov-
ered onc, perhaps an old one that hadn’t reccived the attention it descrved
— and find that it cannot be fit into the quantal framework, no matter
how hard scientists attempt to force it in. When that happens. a ncw
tramcwork will have to be developed. If you don’t like quantum mechan-
ics. this might make you happy, but watch out. It is my guess that this ncw
framework will seemn, to our classical scnsibilities. even lurther away from
common s¢nsc, even less iniuitive, even stranger, than quantun) mechanics.
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104 Problems

Barriers to understanding. (Compare problem 4.11) Dislinguish
between “a description of quantum mechanics™, **an understanding of
quantum mechanics”, and “an cxplanation for quantum mechanics™.

Logical contradiction vs. unfamiliar visualization. For the magnetic
ncedle of a silver atom. we found that

[f the atom's magnetic needle were just like a classical arrow,
then the conundrum of projections would be much worse
than a purzle, it would be a logical contradiction. We ure
ablc 1o regain logical consistency only by abandoning the
mental picturc of a magnetic needle as a pointy stick.

Change the three phrases in ilalics to producc a parallel statement
concerning the position of an atom.

States of observed atoms. Demonstrate that in figure 10.1 we cannot
give an amplitude for the atom to move from onc place to another,
but we must instead give an amplitudc for the atom and the photon
to move from their two Initial positions to their two final positions.
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Working with A mplitudes

The first section of this chapter shows that the mathematical representation
of amplitude cannot be as simple as a rcal number, but must be at Icast
as complicated as a two-dimensional arrow. {f you're willing to accept this
as fact, then you may skip that rather technical and involved section. But
in no case should you skip over the second section ol this chapter. which
makces a simplc but subtle and important gencral point.

10.1  Amplitude is represented by an arrow

I'm going to introduce onc more typc of analyzer: the “front-back
analyzer” (also called the “y analyzer™). This will be the last new analyzer,
1 promise. The left half of this analyzer is just like the Icft half of
a traditiopal Stern -Gerlach analyzer, with its traditional non-uniform
magnetic field. But while thc right halt of the traditional Stern—Gerlach
analyzer contains only plumbing to make surc the atoms come out parallel
to the sides of thc box. the right half of the front back analyzer contains
also a magnetic field that changes direction slowly from place to place.
Along the path towards thc upper exit, the magnctic field stasts by pointing
straight up. A littlc farther on it tilts a bit to the right. The tlt angle
of the field incrcases gradually until, just beforc the exit, the field points
directly to the right. The path towards the lower exit 1s stmilar. cxcept
that in this case the field starts out pointing down and gradually tilts unti
it points direclly to the left.

How does this tilting field aflcct a passing atom? Only experiment can
tell for sure, but the following arguments are suggestive and turn out to
give the correct answer. An atom that leaves the lcft half of the front—back
analyzer through the uppcr branch has m- = +mg, that s, its magnetic
arrow is “more-or-lcss pointing up™. (I use the qualifier “more-or-lcss”
just to remind you that atomic magnetic arrows don’t point in the samc

36
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non-uniform magnetic field

definite manner that sticks do.) So when it encounters the tilting magnetic
field, the field is pointing in the samc direction as the magnetc arrow. It
secms reasonable that, as the atom gradually makes its way through the
corridor of tilting field, the atom’s magnetic arrow will be dragged right
along with the field. Thus when the atom leaves the upper exit its arrow
points directly to the right. In other words. an atom Icaving the upper cxit
leaves with a definite value for the projection of its magnetic arrow on the
y axis, namely m, = +mp. {Note that this atom has a definite value of
m,, so it no longer has a definite valuc of m; or m,.) Similarly, an atom
leaving the lower exils leaves with my, = —mg. As bcfore. we package this
apparatus up into a box inscribcd with a distinctyve symbol.

+ |——h=+ m,
— ‘} -or-

— —_— m\.: — mﬂ

Repeated measurement experiments with the front- back analyzer

Experiment 11.A.1. Measurement of my, then m, again.

o0 o .

—_— | —=00ne

ey

— | —

ignare

This cxperiment behaves exactly likc the repeated measurement expcri-
ment 4.1 on page 23. An atom that leaves the + exit of the first analyzer
(re. one with m, = +mp leaving the first analyzer) will always lcave the
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+ exit of the second analyzer (ic. it still has m; = +mp when entering
the second analyzer). This expenment just confirms a very reasonable
expectation.

Experiment 11.A.2. Measuremeat of m,., then m, with a tilted front-back
analyzer.

=all

=-Nnone

L

An atom found to have m, = +mp at the first analyzcr is found to have
my, = +mp at the second analyzer, rcgardless of the orientation angle 0.
This 1s rcasonable because tilting the front-back analyzer doesn’t change
the character of the output aloms: their magnetic arrows are “more-or-
Jess” poiwnting front or back, not up or down, so when thc analyzer s
tilted they’re still pointing front or back.

Experiment 11.A.3. Measurement of m., then m, with a tiltcd front back
analyzer,

ignore

—

m

-
-~

+m,
\,)

+

ignore

We still expect that tilting thc front-back analvzer will have no effect.
In other words, we still expect that the statistics of exit from the second
analyzcr will be independent of the orientation angle 6. Furthermore,
bccause the direction *straight up” bears the same rclation to the direction
“directly right” as it does to the direction ““dircctly left” you might cxpect
that an atom with m- = +mg will have the same rclation to an atom with
my = +mp as it does to an atom with m, = —myg. Experiments show hoth
of thesc expectations to be correct: The statistics of exit trom the second
analyzer are (hat half leave the + exit and half leave the — exit, regardless
of the angle 0.
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4+ | ——= hal(

—= half

Of course, tilting the sccond analyzer te the right by 17° is equivalent
to tilting the first analyzer to the left by 17°. We conclude that if an atom
has a definitc value for the projcction of its magnetic arrow on any axis
in the (x.z} plane (that is. an atom 1n any of the states discusscd before
this chapter began: states like m, = +mg, m, = —mp. m_) = +ng. or
myy= = —mp) and If the valuec of m, is measurcd, then the chances are
half-and-half that the atom will be found to have m, = +my or to have
m, = —mg.

Interference experiments with the front -back analy:zer

Wec can make an interfcrometer from a front—back analyzer just as we did
from a Stcrm--Gerlach analyzer.

= e

| will describe several cxperiments using thc apparatus sketched below.
In all cases the input alom has m. = +mg. The atom passes through a
vertical front—back intericrometer, and then passes into a regular Stern
Gerlach analyzer (not a front-back analyzer) tilted at an anglc ¢ relative
to the vertical. An atom leaving the + exit of this analyzer (in which case
it has my = +myg) is considered output; an atom leaving thc — exit is
ignorcd. The atom is not watched at either of the branches.

o

intermediate

- 4
illpu[ ()ulpul
l/\ mﬂ‘: + FPIH
m-=+ m, b
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FExperiment 17.8.1. Branch a is blocked.

The probability of passing from input to termiediate is ;

The intermediate atom has my, = —mp.
The probability of passing from intermediate to output is 5.
The overall probability of passing from input to cutput is é X é = ;i.

Experiment 11.B.2. Branch b is blocked.

This is the same as experiment 11.B.I except that the intermediate
atont has my, = +mp.

Experiment 11.B.3. Ncither branch is blocked.

The probability of passing from input to intermediatc is 1.

The intermediate atom has m, = +mgp.

The probabilily of passing from intermediate to output is cos*(0/2).
(See figure 4.1 on page 27.)

The overall probability of passing from input to output is cos>(0/2).

Given the results of these thrcc cxperiments, we atiempt (o assign
amplitude arrows to the two paths “input to output through branch a”
and “input to output through branch b”. Thc amplitude arrow assigned
to “input to output through either branch” will be the sum of these
two arrows. We don't know the orientations of the arrows, but we do
know that thc magnitudes of the three arrows must be %, %_, and cos(3/2)
respectively.

Now, it is entirely possible (as demonstrated in the figure below) to find
two arrows of magnitude % and % that add up to producc a sum arrow of
magnitude cos(6/2} for any anglc 8.

112 N4
y plus \\”2 equals 4_'

a b cos(f/2)

But it is quite impossible to find two real numbers of magnitude 1 {that is,
either +% ot —%l that add up to produce a number continuously varying
with anglc f): these numbers must add up to either 0 or 1.

We conclude that whitever mathematical entity is used to represent an
amplitude, it must be at least as complicated as a two-dimcnsional arrow.
Of course, it might be even more complicated: for cxample an arrow in
three dimensions. But as far as anyonc knows, two-dimensional arrows
are sufficient.
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1.2 Amplitudes for the Einstein—Pedolsky—Resen experiment

This section is much shorter and much less technical than the previous
sectien, but the result 1s more important. Whencver | have discusscd
amplitudes, | have been careful to associate an amplitude with an action
{also called ““a process™) rather than with a particle. For example, 1 would
talk about “thc amnplitude to go {rom input to output through branch a”
and never “thc amplitude the particle has if it went through branch a”
The latter phiase, I am surc vou rcalize, conlains 4 misimpression about
the nature of quantal interfcrence (sce page 78). Howcever, cvery cxample |
have given so far involves a single particle, so despitc my care 1l is easy (0
get the mistaken impression that an amplitude arrow must be associated
with a spccilic particle, and that it acts somehow like an arrow hanging
oft of that particle. This section gives an example in which the action
involves a pair of particles, showing concretely that amplitudes are not
associatcd with individual particles.”

Recall the first Cinstein-Podolsky—-Rosen experiment, described 1n sec-
tion 6.1 {page 40} and represented on the next page by figure 11.1. The
initial condition is given by state A in the figure. Possible final states are
given by states B, C, and D. Remember from section 6.1 that the two
aloms always leave their respective analyzers from opposite exits. In terms
of the figure, this means that there is some amplitade for going from statc
A to state B, and some amplitude for going from statc A to state ’, hult
there i1s no amplitude for going from state A to state D.

Now, look at this from the pcrspective of the atom relcased from the
source and flving to the right towards its dctector. If it were in @ slate
like m. = +mp, then it would have some amplitude 1o leave its detector
through the + exit and some amplitude to leave its detector through the —
cxit. Similarly for the atom fying to the left. If we assigned an amplitude
to cach of the individual particles in the manner suggested, then it would
be impossible to prevent the system from ending up in state D of the
figurc. But in fact thc system never does end up in state D. We conclude
that one cannot assign one amplitude to an act performed by the atom
on the right and a sccond amplitude 1o an act performed by the atom on
the left. Instead, we must assign a single amplitude to an action by the
pair of atoms.

When the two atoms are flying from the source to their analysers, it is
not possible to assign each onc to a statc likc m, = +mp or my = —my.
Instcad the two particles together must be assigned to a single statc. Such
states arc called entangled states. This is an excellent name.” becausc

* 1 techeical terms, this example shows that a wavefuncr'ron 15 a function in configuration spave.
not position space.
! Tt was coined by Schrodinger in 1935,
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Fig. 114. Various stalcs for two atoms in the first Einstein—Podolsky Rosen
experiment.

it suggcests quite graphically (and quitc correctly) that what happens to
one particlec is mixed up with what happens to the other. Entangled
states come up not only in abstrus¢ discussions on the foundations of
quantum mcchanics. but also in the practical day-to-day work of atomic
and molecular physics. If cntangled stalcs were to go away, so would
most of chemistry.

1.3 Preblems

(1.1 Other schemes for amplitudes. Mr. Parker is uncomfortablc with the
idea that amplitudes must be represented by two-dimensional arrows,
Hc uses the symbol A, to rcpresent “the amplitude to pass through
branch a”, the symbol 4, to represcnt “the amplitude to pass through
branch b”, and the symbol 4,5 to represent “the amplitude to pass
through both branches’.
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(a) “I know that we want to have a mathematical represemntation
for amplitude in which

Aap = Aa + Ab,

and I know that we must sometimes have two non-zero ampli-
ludes summing (0 zcro. But why can’t we represent amplitudces
by real numbers and assume that the probability is the absolute
value of the amplitude rather than the square of the amplitude?”
Convince Mr. Parker that no such scheme s consistent with the
facts outlined in section 11.1.

(b) "All right. you've convinced me,” says Mr. Parker. “*But what
about a scheme in which

Aap = |/ (4a)? + (4612

which also ensures that probabilities are always positive?™

Magnitudes of amplitude arrows. Find the magnitude of the am-
plitude arrow associated with going from state A to state B in
figure 11.1. Similarly for going from statc A to statc C and from
state A to state D. Do not attempt to find the directions of these
arrows.

Distant measurements. “Pve got il now!” says Mr. Parker. ™I
was wrong back in problem 6.2 when | suggested that the two
atoms in experiment 6.1 were produced in the states my, = +mgp and
m, = —ig. But now 1 see that they were produced in the states
m, = ting and m, = —mp. That explains all thc obscrvations!”
Show that Mr. Parker’s new suggestion is still nol consistent with
the observation in experiment 6.1 that the two atoms always leave
through cxits of thc opposite sign.

What if they werent entangled? Suppose that, in figure 11.1, the
atom on thc right had probability 1 of leaving either the + or the
— exit of its analyzer. and similarly for the atom on the left. (This
supposition 1s correct). Suppose also that the actions of the two
atoms were not entangled. (That is. the actions were uncorrelated —
this supposition is not correct.) Under these assumptions, what would
be the probability of beginning in state A and ending in state D?

Measurement and entangled states. Interpret the measurement cx-
periments of figure 10.1 (page 80) in terms of entangled states. In
particular, show that it is not possible to assign one amplitude for
the exit taken by the atom and a second amplitudc for the final
position of the photon. Instcad. onc must use a single amplitude to
describe both the atom and the photon.
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Two-Slit Inventions

In chapter 9 we concluded that in quantal interfcrence expcriments a single
atom passes through both branches of an intcrferometer. In chapter 19.1
we firmed up that everyday-language expression to the technical phrase
“there is an amplitude for the atom to go through cither branch™. Exactly
what do these strange statements mean? How can our minds grow familiar
with a rcal quantal atom, which behaves so unlike a small, hard marble?
To prepare for thesc questions, this chapter examinces two variations of the
quantal interlerencc expermment. This chapter is not absolutcly essential
lor the logical development of the book, hut it dramatically undcrscores
that quantal interference demands a total rethinking of our picture of the
atom — no simple trick will suffice.

12,1 The Aharonov-Bohm effect

1’s possiblc to build a box called a “corkscrew” from a uniform magnetic
ficld twisted into onc turn of a spiral (scc figure bclow). At the left
cdge of the box the magnetic ficld points straight out of the page (that
1s. in the +x direction). Moving towards the right thc magnetic fleld
slowly dips until it points straight down, then continues to twist until
il points into the page, then straight up, until finally — at the right
edge of thc box the magnetic field again points straight out of the
page. {The magnetic ficld always points perpendicular to the y dircction.)

z
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How do aloms behave when they pass through a corkscrew? Only
experiment can tell for sure, but the following argument is suggestive and
turns out to be correct. If an atom with m, = +mg cntcrs a corkscrew,
it enters with Its magnetic arrow pointing “more-or-less” in the same
dircction as the magnetic [ield. (The gualifier “more-or-less” 1s there just
{o remind you that atomic magnetic arrows don’t point in the saime detinite
manner that sticks do.) It seems reasonable that such an atom’s arrow
would be dragged around by the [icld as thc atom passcs down the center
of the corkscrew. and thus that it will emerge with its magnctic arrow siill
pointing in the +x direction, atter having executed a comiplete flip. This
expectation is confirmed by experiment: If an atom with m, = +mp cntcrs
a corkscrew, it cmcerges with my = +mg and no experiment performed
on that singlc atom can tell whether il passed through a corkscrew or
through an cmpty box. As far as an atom with i, = 4-mp is concerned,
passing through a corkscrew is equivalent to doing nothing.

Using a corkscrew we can turn the interforence cxperiment sketched on
page 65 into something surprisingly different {see figure below). Recall
from experiment 93 on page 66 that if an atom with m.: = +mg enters
an unblocked interferometer, it leaves in the same state, namely with
m. = +mg. The two halves of the interferometer can be drawn apart
and experiment repeated: the results are exactly the same. Now, insert
a corkscrew Into branch a so that any atom passing through branch
a also passes through the corkscrew. Remember that an atom passing
through branch a has m, = +mg and that for such atoms a corkscrcw
does nothing. Experiment rcveals that after the corkscrew is added any
atom entering with m. = +mg emerges in a different state, namely with
m, = —mg.

input | SN \Wuulpul_‘
i, =+ My |

How can this be? Didn’t we say, just two paragraphs ago. that “as far
as an atom with m, = +my is concerned, passing through a corkscrew is
equivalent to doing nothing™? Indeed we did. But the atom doesn’t simply
pass through a corkscrew — it passcs through hoth branches.

If an atom went through branch a, or through branch b, then inserting a
corkscrew in branch a would have no effect on the interference experimnent.
The fact that the corkscrew does have an effect proves that a single atom
goes through both branches.
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12.2 Delayed choicc experiments

In our primary quantal interference cxperiment (expcriment 9.3 on
pagce 66). thc interferometer was horizontal and the trailing analyzer
was vertical. In this situation each unwatched atom “gocs through both
branches™ of the horizontal intcrferometer und emerges from the + exit
of the trailing analyzer. In contrast. each watched atom goes through only
one branch (whichcver branch it is observed to take). and has probability
é of emerging from the + exit.

m:_ = + mn

+ D ——
e ?

inpui

intermediale

A variation on this cxperiment 1s to oricnt the trailing analyzer hot-
1zontally. In this situation both watched and unwatched atoms have
probability 1 of cmerging from thc + exit of the trailing analyzer. An
atom observed to pass through branch a always emerges from the +
exit, so it is tempting (although wrong) to believc that an unobserved
atom found emcrging from the + exit had also passcd through the single
branch a. Indecd, if this were the only expcriment we ever performed, we
would never havc to deal with idcas like “a single atom goes through both
branches™ or “a watched atom bchaves dillerently from an unwatched
atom” — we could always be content with each atom taking a singlc
definite path through the apparatus.

input /_\)

intcrmediale

Is 1t possible. then, that the atom goes through both branches when
thc trailing analyzer is vertical but gocs through a single branch when
the trailing analyzer is horizontal? This possibility is called a “conspiracy
theory™ becausc the atom somehow senses the arrangement of the appa-
ratus and behaves accordingly. {In fact, it senses thc arrangement of the
trailing analyzer even as it passes through the interteromcter. having not
yct encountered the trailing analyzer!) Quantum mechanics, in contrast,
predicts that an unwatched atom goes through both branches in cither
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case. Onc way to test the two alicrnatives is through a “delayed choice
experiment”. In this experiment the trailing analyzer is mounted on a
pivot and can be swung from vertical to horizontal at a moment’s notice.

Suppose an atom enters the interferometer while the trailing analy-er
is horizontal. Then, according to the conspiracy theory, it goes through
one branch or the other and cmerges with mx = +mpg or with my = —mp.
Now, as the atom flies from the interferomcter to the trailing analyzer,
the trailing analyzer is quickly swung to the vertical position. When an
atom with either my = +mp or my = —mg enters a vertical analyzer,
it has probability 12 of emerging from the — exit. Thus the conspiracy
thcory predicts that half of such atoms will leave through the — exit of
thec now-vertical analyzer. @Quantum mechanics predicts that, rcgardless
of the oricntation of the trailing analyzer. each atom goes through both
branchcs. cach atom flying from the interferometer to the analyzer has
m-: = +mpg, and thus all such atoms will leave through the + exit of the
vertical analyzer.

This conceptual experiment has been realized in scveral different ways
— each time¢ with somewhat differennt details — and quanium mechanics
has been confirmed every timc.

12.3 References

The Aharonov-Bohm cffcct was predicted from quantum theory in 1959
in a form and context very different from the one described here, and
this prediction gave birth to a whole scrics of cxperiments and arguments.
This story is (old in the highly technical yet very beautiful little book

M. Peshkin and A. Tonomura, The Aharonoe—Bohm Effect (Springer—
Verlag, Berlin, 1989).

No such overvicw has been written for delayed choice experiments. The
closest approach is

George Greenstein and A.G. Zajonc, The Quantum Challenge (Jones
and Bartlcit, Sudbury, Massachusetts, 1997), pages 37—42.

Rccent developments are reported in

T. Kawai et al.. “Dcvclopment of cold neutron pulser (or delayed
choice experiment”, Physica B, 241 (1998} 133 135.
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Quantum Cryptography

Quantum mechanics is valuablc because it opens a discussion about the
nature of reality. because it demonstrates the power of reason in revealing
the truth even when common scnse is an obstacle, and simply becausc
it is good to know how our universe ticks (“knowledge is belter than
ignorance”). But it is also valuable becausc a host of practical devices,
from lasers to transistors to superconductors, all work because of quantum
mechanics.

Most of these applications are beyond the scope of this book. | could
tell you in vague terms how a lascr works, but I could never convince you
that my description was corrcct — you would have to accept it on my
authority, and acceptance on the basis of authority is the very antithesis
of scienlific thought. However, thcre is one very recent, very exciting
application of quantum mechanics that can be treated in full within the
“rigorous but not technical™ style of this book. namely the use of quantum
mechanics 1o send coded messages. (You may skip this chapter without
interrupting the flow of the book's argument,)

13.1 Can you keep a secret?

Sending coded mcssages is a part of life. Governments and businesses
necd 1o transmit sccrets that would be deadly in the wrong hands (military
plans, formulas for explosives. etc.). But ¢ven vou have information that
you don't want everyonc in the world to know: your bank balance,
your voling record, your vacation plans. I'm not suggesting that you
should be embarrassed about your bank balance, but il's your private
information and no cavesdroppcr has any right to it. For this reason,
when credit card and automatic teller machine iransactions are sent over
public tclcphone lines, the messages are sent in code. Such codes are
enormously valuable. and there ts an ongoing policy debate about who

98
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can use the best codes. The United States Commerce Departmenl classifics
difficult-to-break codes as munitions (along with guns and bombs and
fighter jets) and prohibits their expert from the country.

Crvptography is the art of sending information from place te piace in
coded {orm so that it will be meaningless to any eavesdropper who might
intercept it. The problem of cryptography s to find a mechamism for one
person — conventionally named “Alice™ — to send secret information to
another person — “Bob™ — while a third person  “Eve” -- inight or
might not be eavesdropping. A number of coding schemes are in use, but
I will describe only one, the “Vernain cipher” or “one-time pad scheme™,
becausc it is the only coding scheme that has been proven to provide
perfect, unbreakablc sccurity.

Suppose Alice wants to scnd computer mail to Bob. Computers store
information internally as clusters of onecs and zcros, cach digit called a
“bit”. In the standard representation of characters by bit clusters  used
worldwide by nearly all computers — each character of text is represented
by a cluster of scven bits. For example. the letter “a” is represented by the
cluster *“11000017", the numeral “4” by the clusler 0110100, the comma
by the duster “0101100”, and a blank space by the cluster “0100000”.
Thus whenever Alice sends computer mail to Baob, she is sending him a
long string of bits — ones and zeros — which his computer can casily
interpret as letters and numbers. Unfortunately, Eve’s computer can do
sO just as easily.

To maintain secrecy, before sending her message Alice produces a
random string of bits — called the “key” cxactly as long as her
message. She then encodes each bit of her message according to the key:
If the fifth bit of the key is a zero, then she sends the fifth bit of her
message unaltered, but if the fifth bit of the key 1s a one, then she reverses
the fifth bit of her message (if it is a 1, she sends a 0: if it 1s a4 0, she
sends a 1). For example, if Alice encoded the character “a™ using the key
0101101, the resulting coded message would be 1001100 as shown here:

1100001 (standard representation for “a”)
0101101 (key)
1001100 {code for “a™)

After encoding her message, Alice sends Bob not only her coded mes-
sage, but also her key. Bob decodes Alicc’s message in the sume way that
she encoded it: He preserves the message bits corresponding to zeros in
the key, and alters the message bits corresponding to ones in the key.
Bob’s decoded message is then exactly the same as the one that Alice
started with.

If Eve intercepts only the coded mcssage, it won't do her any good.
Of course, the coded string of hits will translate to some message in the
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standard represcntation, bui that message will bc gibberish. Eve might try
to decode a 91-bit message with every possibic 91-bit key, but that won’t
help her because she would then produce every possible 91-bit statement,
including

*Withdraw $1007,
“Buy stock now’”,
“I love Bob!!!”,
“l despise Bob”,
“Bomb Baghdad.”,

and a great many statemcnts like
“u&87{{ ~(aqNq".

However, if Eve intercepts both the coded message and thc key, then
Eve can decode thc message just as easily as Bob can. The key must
instead be transmitted through somc separate sccure channcl that Evc
cannot intercept. But if Alice and Bob have a secure channel. they don’t
nced to bother with codcs at all! Alice and Bob might hirc a courier (who
is 4 secure channel) to dcliver several identical keys to both Alice and Bob
at the beginning of each week, and they can use those kcys throughout
the week. But then Evc might bribc the couricr. (It doesn’t work to use
onc key over and over - there are casy ways to bresk the code if the
same key is used even twice. This is the origin of thc name “one-time
pad™)

In short, the problem with thc Vernam cipher is not the distribution
of messages but the distribution of keys. It is ironic but ncvertheless true
that an important problem [or contemporury business and government is
the generation and distribution of random numbers,

132 Distributing random keys

Since probability and randomnecss are intrinsic to quantum mechanics, you
might guess that quantum mcchanics could provide some help with the
problem, and indced it does. Suppose Alice and Bob set up experiment 6.1,
“LPR distant measurcments” (page 40) with one vertical analyzer next
1o Alice. the other next ic Bob, and the sourcc of atoms between them.
They set the source 10 automatically generalc pair after pair of atoms,
and when those atoms reach their analyeers Alicc and Bob both record
the exits taken. If Alice records “+ + — + =", then Bob records exictly
the opposite pattern, namely “~ — 4+ — 4. Alice turns her readings into
a cryptographic key by converting cach + to a 1 and each — to a 0. Bob
does the same with the opposite convention. namely + goes to 0 and —
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goes to 1. Now both Alice and Bob have thc same random key and <an
scnd a coded message using the Vernam cipher.

Unfortunately, Eve can easily break into this systcni1 by inserting a
vertical interferometer between the source and Bob. Eve watches cach
atom pass through her intcrferometer. When one gocs through her top
branch, she knows that Bob will get a + and Alice wilt get a —. Similarly
for her bottom branch. Eve gets the key, Eve breaks the code.

13.3 Distributing random keys securely

To prevent eavesdropping, Alice and Bob instcad set up expeniment 6.2,
“EPR random distant mcasurements™ (page 41) with onc randomly tilting
analveer next to Alice. the other next to Bob. and the source set to
“automaiic” as before. When an atom reaches an analyzer. Alice (or Bob)
records both thc analyzer orientation (A, B, or C) and the exit taken (+ or
—). Recall that if the two analyzers are set to the samc orientation, then
the two atoms emerge from opposite exits, but if they arc set to different
oricntations, then the two atoms might cmerge from either similar or
opposite exits. (They cmerge from the similar exits with probability 3 and
from opposite exits with probability %, but this fact is not needed in what
follows,)

Alicc and Bob run this experiment for a long time, and then send to each
other the list of their analvzer orientations. {Each list looks something
likc BBACABBC.... Theres no nced to cncode these messages: if Eve
intcrcepts them, the lists won't help her.)) When they compare lists Alice
and Bob find that in most cases their two detectors were set to different
orientations, but in about one-third of the cases the dctectors happened to
have the same orientation. They discard the cxit information (the +s and
—s) [or those cascs with different orientations, and use the cases with the
sume orientation to construct a key just as thcy did previously. Now that
they have idcntical keys. Alice and Bob c¢ian send coded messages using
thc Vernam cipher.

What if the nefarious Eve tries to intercept the key in this distribution
scheme, as she did previously”? Suppose Eve places a vertical interferometer
between the source and Bob. and watches each passing atom to see which
branch it takes. (For delinitencss. assume that Bob and Alicc arc cqually
distant from the source.) Now when atoms arrive at the ilting analyzers
uscd by Alice and Bob, they ure no longer in an cntangled state: instead,
one atom has m,; = +mg and the other has m- = —mg. If the two delectlors
are vertical (orientation A) this makes no difference: the iwo atoms still
emerge I'rom oppositc ¢xits. But if both detectors arc in oricntation B,
then there is some probability (it turns out to be %} that thc two atoms
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will cmerge from the same exit. Alice and Bob therefore agree beforehand
that they will not use the entire key as generated above. Instead Bob will
mail, say, the first half of his key back to Alice. If Bob’s first hall matches
Alice’s first half. then Alice knows that no one was cavesdropping on the
kcy distribution and that it is safe to send her message coded using the
second half of the key. If the two half-kcys don’t match, then Alice docsn’t
send hcer message on 1o Bob but instead calls the police and tclls them to
search for Eve.

This precise method of key distribution is not practical: it relics on a
source of atoms that just happens to be conveniently placed between Alice
and Bob, it involves scnding a lot of information back and forth that is
ultimatcly ignored, and in the end it doesn’t actually ensurc privacy, it
mercly lets the legitimate users know whether or not someone is listening
in. There are other quantum cryptography schemes that lack many of
thesc drawbacks, and these are so promising that they have raiscd the
interest even of commercial communication companies. (The experiment
of Nicolas Gisin mentioned on pagc 41 was supported in part by Swiss
Telccom.) Quantum cryptography is a new ficld (the first experiment was
performed in 1989) but both theory and practice are growing rapidly
and hold thc promise of practical applications from the most esoteric
fundamcntals of quantum mechanics.

13.4 Relcrences

Charles H. Bennett, Gilles Brassard, and Artur K. Ekert. “Quantum
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Wolfgang Tittel. Gregoire Ribordy, and Nicolas Gisin, “Quaniuin cryp-
tography”, Physics World. 11 (3) (March 1998) 41-45.
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Quantum Mechanics of a Bouncing Ball

We started to invcstigatc quantum mechanics by considering only the
guantization of magnctic arrows. In our explorations we found out
that the magnctic arrow had some funny properties (for example, il was
possible that m, did not hive a definite valug), but at first it seemed that
other properties, such as the position of an atom, bchaved in the familiar
classical way. Eventually (section 9.3) we found that it was also possible
to have an atom without a definite valuc for its position. In this chapter,
we investigate what bappens when we apply quantuin mechanics to a
particlc’s position.

14.1 Ball beuncing from a floor

This chapter will show our framework tor quantum mechanics in action,
by applying it to the problem of a ball bouncing from a floor. Let us
use a very fast ball, such as an electron, so that we can ignore the force
of gravity. (We restrict ourselves to an cleetron that is moving fast on a
human scale but slow compared to the speed of light, so that relativistic
considerations don't comc into play. Also, the magnetic arrow ussociated
with the electron has no effect on the phenomiena described in this chapter,
so I won’t mention it again.)

Imaginc a source of balls that could send a ball flying in any direction,
for example a hot tungsien filament that boils off electrons. Suppose a
ball begins at point P, bounces off thc floor, and ends up at pomt Q.
(Points P and Q are equally distant from the floor. 1o makce sure that the
ball bounccs off the fioor rather than goes directly from P to Q, we put
a barrier half-way between the two points.) In classical mechanics this
sequence can happen in only onc way, namely by the ball hitting thc floor
midway between points P and Q.
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But in quantum mecchanics there are many ways of going from P to
Q, and each way will contributc some amplitudc to the process.” In this
discussion we will ignore curlicue paths from P to Q and considcr only
those paths that consist of a straight linc from P to some point on the
floor, and then a straight line from that point to Q. We will also ignore
paths that go oul of the planc of the page. Although it’s not yct obvious
(see problem 14.2), these simplilications do in fact give the correct answer,
and they also give a correct feel for how 1o do the full problem! Here are
the steps (Irom page 78) in finding the probability to pass from P to Q.

Step 1: Enumerate all the paths from P to Q. The complete enumeration
is difficult. because there are an infinite numbecr of paths, so I'll just draw
some representative piaths and label them according to the point where
they hit the floor.

P Q

A B € D E F G H [ J K L M

The classical path is thc one that hits the floor at point G, but in
quantum mechanics we must cousider all possible paths.

Step 2: Assign an amplitude arrow 1o each path. Here we need to be
creative. You might think that the classical path is the “most important™,
and thus should be assigned the longest arrow. 13ut this is not the case at
all. The correct rule assigns 10 every path an arrow of the same magnitude,
but with the different arrows pointing in diflerent directions. The arrow
assigned to a path is found by starting with an arrow pointing dircctly to
the right and then rotating it counterclockwise according to the length of
the path from P 1o Q:

number of rotations = 1.51 x 10%® x (length of path in ¢m)
x (mass of ball in gramns) x (speed of ball in cm/s).

° In both classical and guantum mcchanics. not all the balls starting out at poiot P go (o point Q.
Noae of the bails thar start out simply vamsh. but many of them do not go to peimt Q
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There is no way that you  or anyone else for that matter — can derive
this rule. It 1s one of the fundamental laws of nature and cannot be
derived from anything simpler.

Technical aside: Throughout this book 1 have tricd to bc non-
tcchnical yet completely honest and truthful. In the above
formula I have had lo retreat somcwhat from my principled
stance. 1t is true only for particular circumstances, and I don't
know how 1o describe these circumstances precisely without
invoking tcchnical terms. [The formula’s limitation involves the
tact that il purports lo give the amplitude for moving from point
P to point Q. whereas what’s really needcd is thc amplitude for
moving from point P at time 7, 0 point Q at time {,. A
symptom that the formula suffers from illness is that it invokes
a spced for moving between two positions and, as we will sce
in scction 14.3, 4 ball cannot have a definite position and a
definite speed at the same time. Whilc 'm ofl on a tcchnical
aside. let me point out that the forinula above s called the “de
Broglie relation”, and the numbecr 1.51 x 102¢ which appears in
the {formula 1s called the inverse of Planck’s constant h.

The number of rotations may. of course, be a fraction. For cxample,
13.5 rotations would result in an arrow pointing to the left, while 182.75
rotations would result in an arrow pointing downward.

Since the paths have a variety of different lengths their associated arrows
peint in a varicly of diff erent directions. Figure 14.1 shows how the fength
varicy for diffcrent paths, and the arrow below each representative path
shows the amplitudc arrow assigned to that path.

Notice that path A is considerably longer than path B so the arrow
associated with path A has rotatcd much more than has the arrow asso-
ciated with path B. However, path F 1s only a bit longer than path G, so
the associaled arrows are ncarly paralicl.

Step 3: Add up all the arrows. This seems like a formidable task, because
we have to add up an mfinitc number of arrows! We set about doing it
using the tried-and-1rue scheme of “divide and conquer”. We will first add
up the arrows over bundles of nearby paths, and only then will we lind
the grand total by adding up the sums associated with cach bundle.

Considcr a bundle of paths like A and B and C, where the arrow changes
direction dramatically from onc path to another. The drrows assigned to
individual paths point first up, then down, now right, now lett, so that
when they are added together their sum hardly amounts 1o anything, But
now consider the bundle of paths F and G and H. Herc the arrows are
ncarly parallel. so they add together rather than canccl out. You can see
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Fig. 14.1. Representative paths from P to Q, their lengths, and the amplitude
arrow associated with each.

that the grand total amplitudc comcs almost entirely from the bundle of
paths near the midpoint G, and that all thc rest of the bundles contribute
very little: the corresponding pieccs of floor might as well be chopped
up and tossed out the door. This is precisely in accord with everyday
experience. from which we know that only the midpoint of the floor is
needed to bouncc a ball from P 10 Q.

14.2 Ball bouncing from a fleor with heles

So you see that quantum mechanics confirms your classical expectation
that the ball hits the floor only at the midpoint. It is, however, a hollow
victory to work so hard to obtain a result known to cvery child. Can we
salvage anything ncw or surprising from this discussion? Indecd we can.

Let us chop up and oss out the right hand three-quarters of the floor,
leaving only the part near points A, B, and C. In classical mechanics it is
impossible to bounce a ball from point P to point Q using this remaining
picce of lumber, but in quantum mechanics we can trick the ball into
bouncing this way! Remcember that the total arrow associated with the
bundle of paths encompassing A and B and C is ncarly zcre bccause
the individual arrows are pointing cvery-which-way: many tilt towards
the right, but just as many tilt towards thc left. The trick is to remove
those parts of thc floor responsible for arrows that tilt towards the left.
What remains will bc a series of slats rather than a solid floor, but the
paths bouncing off the slats all have nghtward tcnding arrows. There
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will be fewer paths from P to Q. but the arrows associated with those
paths, instead of cancelling out, will instead add togcthcr coopcerativcly
1o produce a substantial total amplitude arrow. and hcnee a substantial
probability of bouncing from P to Q. (It may seem strange to get more
bouncing [rom lcss floor, but 1 suspect that hy now nothing can shock
you.)

If you examinc this scheme quantitatively you will find that the slats
must be separated by distances of about 10~% cm. It is quite diffcult to
mechanically produce such closely spaced slats. but fortunately nature has
provided cxactly the desired bouncer: it is a crystal. The rows ol atoms
In a crystal act as bouncing slats, while the gaps between them act as the
spaccs. The bouncing of electrons off a crystal (technically called “electron
difraction™) was first observed by Clinton Davisson and Lestcr Germer
in 1927.

143 Wave-particle duality

We have seen. 1n some detail now, how balls behave in quantum mcchanics,
and you know that this behavior is utterly unlike the behavior of classical
baseballs and marbles. Just as a magnctic arrow with a definitc value of
m- does not have a defimte value of my, so an electron between rclease
and detection docs not have a definite valuc for its position. This mcans
cxactly what 1t says: it does not mean that thc clectron has a definite
position which is changing rapidly and unpredictably, nor docs it mean
that the electron has a defimte position but that we don’t know what it
is. It means that the clectron just doesn’t have a position, in exactly the
samc way that love doesn’t have a color.

We found in chapter 4. “The conundrum of projections”, that an atom's
magnetic arrow could have a definite value for the projection m. or a
delinitc value for the projection m, but not definite values for both 4t the
samc time. A simalar stalement turns out to be truc for an electron: it
can have a definite position or it can have a definite speed. but it cannot
have both a definite position and a defimite speed. Therc is no way for
vou 1o derive this — I'm just telling you. In fact, it is a techuical detail
that 1 ordinarily wouldn’t mention to a general audicnce at all, but this
dctail has taken hold of the public imagination so effectively that many
believe it to be the central, or perhaps even thc only. principle of guantum
mechanics. This detail is called the “Heisenherg uncertainty principle™.
(The term “uncertainty” actually reinforces the misconccption that an
electron has a definite position and a definite speed, but that we ave not
sure what they arc. For this reason, the principle is more accuratcly called
the “Heisenberg indcterminacy principle”.)
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The amplitude arrow picture first came up in association with wavcs, yet
in quantum mcchanics 1t describes the motion of a particle. This combina-
tion is sometimes callcd “wave-particle duality” or by saying “in quantum
mechanics, an clectron behaves sometimes like a wave and somctimes
like a particle”. 1 find such phrascs unhelpful and cxtremely distasteful.
From the world of evervday obscrvation. we know about several classes of
entilies: marbles, putty balls, pond ripplcs. ocean hreakers, clouds. sticks,
balloons, etc. To 1nsist that quantal entaties must fall intlo one or another
of these categories is utterly parochial. It is like a man born and raised in
Fngland who knows of several spacies of amimals: horses, cows, pigs. etc.
He travels to Africa and sees a hippopotamus, but he refuscs to accept
that this 1s a new spccies of animal, maintaining that it is instead an
animal “in some ways like a horse and in somc ways like a pig”. Rather
than say “an electron behaves somewhat like a wave and somewhat like
a particle”, { like to say “an clectron behaves exactly like an electron —
this behavior is not familiar and you might not be comfortable with it,
but that is no reason to denigrate the clectron”,

Technical aside: When the delayed choice experiments of sec-
tion 12.2 (pagc 96) arc adapted to atom interferometers, they
reinforce the idea that an alom passes through an interferome-
ter not as a classical particle nor as a classical wave, but rather
in its own inimitablc quantum mechanical fashion.

The Heisenberg uncertainty principlc and the phrasc “wave-particle
duality™ arc treated with revercnce and awe in some circles. But when you
get right down to it they really mean nothing more than that an electron
1s not a small hard marble.

144 Rcferences
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R K. Gehrenbeck, “Electron diffraction: fifty years ago™, Physicy
Today, 31 (1) (January 1978) 3441 (Be surc te notice also this
1ssuc’s stunning cover photegraph.)

14.5 Sample problem

Elcctrons are shot down toward a crystal of iron. At what speed sheuld
they be shot so that a significant nuimmber of them are deflected by 90°7
(The distance betwcen rows of atoms in iron is 287 x 10~% ¢m: the mass
of an electron is 9.11 x 10~2% gram.)

incuming clectrons

i

— outgoing electrons
————

(ron crystal

Solution

As usual. we follow the steps listed on page 78.
Step 1: Enumerate all the paths from input to output.

A B C D B #es

rows of atoms

Step 2: Assign an amplitude arrow to each path. Accerding te the
formula on page 104, the arrow associated with a path rofates this many
times:

[.51 x 10" x (length in cm) x (mass in grams) x (speed in cm/s).

Because each path has a difterent length, each arrow will rotate a different
amount.
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Step 3: Add wp dl the arrows. Most circumstances are rather like the
one illustrated below. (The amplitude arrow associated with each path is
skctched below the ictter labeling that path.)

A B C D B &=

1 — .‘E___-ﬁ

Y

For an electron shot down at this particular speed. (he additional length
of path A over path B means that the amplitude arrow associated with
path A has rotated 70° more than the amplitude arrow associated with
path B. The same holds for paths B and C, paths C and D, ctc. (I will call
this quantity the “excess rotation™ of path A over path B, of path B over
path C, etc)) Thus the different arrows associated with the many dilferent
paths are pointing every-which-way, so when the arrows are addcd they
will mostly cancel out. In such circumstances, the sum arrow will be small
and there will be a low probability of deflection hy 90°.

Suppose, however, that an electron is shot down faster than the one
above was. Then each arrow rotates more than it did above. More
importantly, the excess rotation of one path over its shortcr neighbor also
ingreascs. For a slight increase in speed, there will be a shght incrcase in
excess rotation: say from 70” to 90°. Stl], the arrows will b¢e pointing
every-which-way and, when added, they will mostly cancel out. But what
it there is a significant increasc in speed leading to a signiticant increasc
in eXcess rotation, say to 360° a full rolation?

A B C D E &z
|




14.6 Problenis i1l

In this casc each of the arrows points in e¢xactly the same direction, so
when they arc all added together they produce a large sum arrow and
hence a high prebability of deflcction by %,

What is this special speed that results m a large probability of deflection
by 90°7 It is the speed at which th¢ distance between rows of aloms
corresponds 1o cxactly one rotation, that is, the speed at which

1 =1.51 x 10%® x (distancc between rows in ¢m) X (mass in grams)
X (speed in cm/s).

Solving this equation for the speed gives 2.53 x 108 cm/s. This speed is
very large on a human scale, but because electrons have so littlc mass it
is easy 10 makc thcm go this fast.

14.6 Problems

14.1 Other speeds. The previous sample problem (section [4.5) finds 4
speed that gives rise to a substantial probability of dcllection by
90° when an electron is shot down at an iron crystal. Will there
be a substantial probability of deflection by 90° if an electron of
twice this speed is uscd? Three times? Half thc spcecd? One-third?
One-quarter?

14.2  Curlicue paths. Consider the motion of a ball from point P to point
Q without floors or barriers. Enumerate typical paths between the
two points, including curved and three-dimensional paths, and draw
representative amplitude arrows associatc with each one. Generalize
the rcasoning on page 105 to show that, in the classical limit, the
bundle of paths that are nearly straight lines from P to Q provide
most of the amplitude to go from P to Q.

143 Heisenberg uncertainty principle. In his 1993 Oersted Mcdal accep-
tance speech, the distinguished physicist Hans Bethe said

The [Heisenberg] uncertainty principle simply tells us that
the concepts of classical physics are not applicable 1o the
atormuc world. But we think in classicul tcrms, and therefore
we nced the uncertainty principle 1o recconcile our classical
terms with the rcality of quantum theory.

Would this passage be improved by replacing the phrase “classical
terms™ with “classical terminology™? Justify your answer.

144 Wate-particle duality. On page 57 | summarized the lirst half of this
book by saying that
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If m. has a defimte valuc, then m, doesn’t have a value. If
you measurc n1y, then of coursc vou find some value, but no
one (not cven the atom itsclf!) can say with ccrlainty what
that value will be — only the probabilities of measuring
the various values can bc calculated.

Producc a corresponding statement that applies to an clectron rather
than to the magnetic arrow of a silver atom. and that uses “pesition™

and “spced” rathcr than “m-” and “my".
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The Wavefunction

1S.1 Between release and detection

In the previous chapter, we talked about finding the probability that a
ball released at point P would be detected al point Q. We found out
how to calculate this probability by assigning an appropriate amplitude
arrow to each of the possible paths from P to Q. and then adding up
all the arrows. But, what happens if the ball is released at point P and
then detected at some other pomnt, say R? (Scc the figure below.} You
know the procedure for finding this probability: enumcrate paths from
P to R, assign to each path an amplitude arrow using the formula on
page 104, and add up all thc arrows. It is somcwhat more difficult to
execute this procedure for the P to R case than it was for the P to Q cuse,
because it lacks the symmctry. Nevertheless it is clcar that many of the
same features will apply to both processes: for example, in both cascs
the largest contribution to thc sum amplitude arrow comes from a bundle
of paths near the path of minimum length. You might (ind this problem
technically difficult, but it is conccptually straightforward and you could
do it if you had to.

o=

g

f!(x)r/\/

But we don’t havc 1o stop here. We could consider having one detector

113
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at Q and another detector at R at the same time. Indecd, we could sprinkle
detectors all over the page, at points S. T, U, etc. You know how to find
an amplitude arrow for the motion from point P 1o any of these points,
and from the arrow you know how 1o find the transition probability. The
figure below shows what these amplitude arrows might look like.

P ) | o
e R
%4
« ~\S

Now, what if the ball is released at point P, we wait four scconds. and
none of our detectors go off? How are we to describe the state of the ball
after it has been releascd but not yet detectcd? We can't say It's at point
R™ or “I’s at peint T because we don't, indced we can’t, know what its
position 1s — the ball doesn’t have a position. There is only one way to
specify the quantal state of the ball between relecase and detection, and
that is by listing the amplitude arrows for all the points wherc the ball has
sonic amplitude for heing. just as in the figure above. This list is called
“the wavefunetion™.

Technical aside: A word concerning etymology is in order here.
In mathematics, thc word “function™ mcans a set of numbers
assigned to cvery point in spacc. or to cvery instant of time,
or both. For cxample, if there are wavcs on the surface of
a pond, then the hcight of water in the pond is a function
of both position und time. As we saw in chapter 8. “Optical
interference”, a set of arrows very much like amplitude arrows
can be related to waves like those on a pond. In the early days
of quantum mechanics, this analogy was believed to be nmiuch
stronger than it actually is, so the list of amplitude arrows was
named the “wave function”. In recognition of the important
differences that we now recognize betwecn classical waves and
amplitudce arrows, today the two words arc usually closed up
as “wavefunction™.

Abovc we supposed that the ball was releascd (rom point P and not
detccted for four seconds. What would happen if, at the five-second mark,
the ball were detected at point T? How do wc describe the ball’s state
the instant afiter it is dctected? The answer is simplc: we just say that it
is located at point T. We no longer need to keep track of the amplitude
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arrows at points Q, R. S, clc.. because although the ball could have gone
to any of them, it didn’t. Thuas immediately beforc detection the statc
of the ball is specified by a bunch of arrows spread over many peints,
while immediately after detection it is specitied by giving just one point.
What happened to all those arrows? Nothing happened to them, because
thcy ncver were there. They were never anything morc than mathematical
toals to help keep our calculations straight. The process described above
is called “the collapse of the wavefunction™, and it greatly worries those
who think that the amplitudc arrows are somehow physically out in space,
in thc same way that air molccules are physically oul in space. You don't
have that misimpression, so the collapse shouldn’t bother you at all.

15.2 What does an electron look like?

The literal answer to this question is “1f doesn’t look likc anything. An
clectron is too small to be seen.” This answer (s in fact the dominant
one found in discussions on quantum mechanics. Wc are told not to
ask questions that cannot be answcred through direct cxperiment.” For
examplc if an electron is relcased at point P and dciccted at point Q, and
movcs between the points in total darkness so that it is not possible, even
in principle. to determine which route it took in moving from P to Q. then
we arc told that 1s is not proper to ask which route it took.

This dominant answer is correct but, in my experience, unsatisfactory.
When we ask “What does an electron look hke?” we really mean *“What
is the charactcr (or nature) of an clectron?” or “How docs an electron
behave?” or “How can an electron be visualized?”. Humans are visual
animals, and cven if we are lold not to visualize a phcnomenon we do so
anyway — thc pictures just pop into our minds unhidden. In quantum
mcechanics this often lcads 1o naive and incorrcet visualizations. which
pcople continue to carry in their minds preeisely because the dominant
position encourages them not to critically examine their visualizations.
So rather than just ignore the issuc I like to face it hcad on, acknowl-
edging that our classical minds are unlikcly to produce perfectly accurate
visualizations, but rcalizing that an impcrfcct visualization, with its imper-
fections undcerstood, is far superior to an imperfact visualizasion which 1s
held uncrincallv. To paraphrasc Socrates, “the unexamined visualization
is not worth visualizing™.

1.et us return to the electron moving from P to Q in complete darkness.”

* Fur examgpie: ~The single eleciron does intertere with its ¢, But don’t try 1o visualize how it docs
so!”

¥ 1n technical terms. this pasageaph and the next paint out the difliculty of visudlizing (he quantal
wavelunction in view of the facts thet {i) the wavelunction is complex vatuex] and (ii} it exists in
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At the instants of its release and its detcction the electron hchaves like
a very small, very hard marble, in that it has a definite position. But
between these two events the electron doesn’t have a definite position.
Sometimes 1 visuahze it as a cloud that is thicker at places where the
electron is more likcly to be and thinner at places where it is less likely
to be. This visualization capturcs beautifully the probabilistic character
of quantum mechanics, but it shows nothing of the interference character.
So I sometimes visualize an electron instecad through a swarm of rotating
amplitudc arrows, the swarm bceing thicker and the arrows longer where the
electron is more likely to be. This can give me nightmares, so more often
I simply modify the cloud visualization by assigning colors to diflcrent
arrow direcwons and mentally coloring cach point of the cloud according
to the direction of the amplitude arrow there. In my mind's cye. I see the
electron as a swirl of shimmering colors. Both of thesc visualizations can
be usetul, but both have the defect of infusing a mathematical tool — the
amplitude arrow — with physical rcality.

The problem becomes even more acute when onc attempts to visualize a
system of two particles because then (see section 11.2) one must visualize
not one state for one particle and another statc for the other particle. but
instead a single statc for the pair of particlcs.

It is easier to show why some visualizations are poor than to produce
visualizations that arec good. For example, some people like to visualize
un electron as a small hard marble that takes 4 definite and wcll-defined
route from1 P 1o Q, but that the actual route to be takcn is not predictable
beforehand. so that sometimcs the marble will take one route and some-
times 1t will takc another. It is impossible. however, to make such a
picture consistent with the interterence rcsults of chapter 9. (Or at least,
it is impossiblc to do so without invoking mysterious mcssages that allow
a marble passing through branch a to know whethcr or not branch b is
open or blocked) So you may not know what un electron looks likc, but
at lcast you know what it doesn’t look like!

The problem of visualization is closcly connected to a problem of
terminology. To many, the word “particle™ conjures up thc image of a
small, hard. classical marble. In quantum mechanics, it is not cnltirely
clear what the image associated with “particle” ought to be, but it most
certamnly 1s not this classical picture! If we were eminent Victorians we
would find a noble Latin root and build a new word to describe the quantal
particle. If wc lived in Washinglon, DC. or Arlington, Virginia (the site of
the Pentagon), we would invent an acronym (something like PAWBITQMI:
— particle and/or wavc behaving in typical quantum mechanical [ashion).

configuration space or in momenlim space but #ot in ordinary throw-dimensional position spice.
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There have been somce alicmpts to coin a new word: “wavicle”, “quon™,
or “quanton”. These attempts have not caught on.

In conclusion, [ do not have a visualizalien — or even a name — Lhat is
satisfactory for even so simple a thing as a single quantal electron. Because
my mind is filled with classical images and intuition, this is perhaps not
surprising. A truly successful visualization would bc very close to a
classical “clockwork™ mcchanism that underliecs Quantum mechanics. and
we have already scen (section 9.8) that such a mechianism docs not cxist.
But this lack of visualization must be regarded as a limitation of my
imagination, and not as any defect in nature or in quianium mechanics.

Our imagination is siretched to the utmost. not, as in fiction. to
imagine things which are not really there, but just to comprehend
those things which are there.

— Richard Feynman

153 Problems

15.1 Mistaken visualization. What is wrong with the statement “Between
rclcase and deteclion, the clectron might be at any one of many
points™ Can you rephrase the statcment to make it correct?

15.2 Wording. On 28 May 1996 the Ncw York 7imes published an article
titled “Team of physicists proves atom can exist in twe placcs al
once”™. The article describes an cxperiment in which Chris Monroe
and coworkers “succeeded in separating two states ol a singlc atom
in space. then pulled them 83 nanometers apart™. This article’s title is
perfectly appropriate for an audience unfamiliar with quantum me-
chanics and its terminology. Now that you do know the terminology
of quantum mechanics, think up a more accuralc title.

15.3 Visualization. On page 176 of his book In Search of Schridinger’s
Cai. John Gribbin claims that electron intcrfcrence rdises “the puezlc
that an electron at hole A knows whethcr hole B is open or closed”™
Which incorrcct visualization of an clectron is Gribbin using that
makes this phenomenon seem puzzling to him?

154 Need for visualization. Docs our inability to find a satisfaclory
visualization for a quantal particle mean that the dominant position
(“don’t ask questions that you can’t answer™) is the best onc after all?
Is its absencc merely distressing or does it constitute a fundamental
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flaw 1n our knowledge? (I .et mc point out that distressing things are,
by dclinition, not pleasant. but neither, unfortunately, are thcy rare.)

Measurement. Mr. Parker finds the quantum measuremcent process
difhcult to understand. “Supposc T start with an atom in a state
so that it has equal probability of being anywherc in a box. If 1
shine a strong light throughout the entire box 1 will find the atom
only at one point. But what happens it T shine the light on only the
left hdlf of the box, and don’t find the atom? | now know that the
atom is somcwhere in the right half. How could the light, shining
where the atom sn't, affcct the atom?” Convince Mr. Parker that the
conflict is not bctween quantum mechanics and reality, but between
quantum mechanics and his incorrect visualization of the atom as a
tiny marble. (This conundrum is called the Renninger negative-result
experiment.)

Visualization technigques. (For technical readers.) This chapter men-
tioned two tcchniques for visualizing wavcfunctions: through a
swarm of amplitude arrows (“phasors”) and through color. | have
written a computer program that displays one-dimensional time-
varying wavefunctions using cither of these techniques, and two
other tcchniques as well. Download the program (it works undcr
the MS-DOS operating systcm) through the World Wide Web site
mentioned on pagc xiv, and cvaluate these different display stylces.
Can you comc up with new visualization techniques of your own’’ If
s0, please tcll me what they are!

Faster-than-light propagation. (For techmcal rcaders) TIn a one-
particlc situation in quantum mechanics, the wavetunction at a given
point changes instantly as soon as thc particlc is detected. In the
Coulomb gauge, the electric potential (and the vector potential) at a
given point changes the instant that any charged parucle. anvwhcre in
the universe. 1s moved. Docs either mcchanism permit instantaneous
communication?
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A Brief History of Quantum Mechanics

Up to now this book has focused on the behavior of nature. T could
say more: 1mmore about mcasurement, morc about the classical limit, more
about different rules for assigning amplitudes, and so (orth, but the main
points have bcen made. So instead of talking more about nature 'm going
to talk about pcople — about how peoplc discovered quantum mechanics.

A.l  Warnings

I am not a historiuan of science. The history of science is a very dilticult field.
A historian of science must be just as proficient at science as a scicntist
is, but must also have a good understanding of personalities, and a good
knowledge of the social and political background that affects developments
in science and that is in turn alfected by thosc developments. Ile or she
has to know not only thc outcome of the historical process, namcly the
science that 1s gencrally accepted today. but also the many false turns
and blind alleys that scicntists tripped across in the process of discovering
what we believe today. He or she must understand not only the cleancst
and most direct experimentsl ¢vidence supporting our current theorics
{like the evidcence presentcd in this book), but must undcrstand also how
those thcories came to be accepted through a tightly interconnected wceb
of many cxperiments. no one of which was completcly convincing but
which taken together presented an overwhelming argument.

Thus a full history of quantum mechanics would have to discuss Schro-
dinger’'s many mistresses. Ehrenfest’s suicide, and Tleisenberg’s involve-
ment with Nazism. Tt would have to treat the First World War's eff'ect
on the dcvelopment of science. It would need to mention “the Thom-
son model” of the atom, which was once thc major competing theory to
quantum mechanics. [t would have to give appropriate weight to both
thcorctical and expcrimental developments. Needless to say, such a com-

11¢
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plctc history will never be written, and this bricf appendix will not even
broach most of these topics. The references on page 131 will Icad you to
further information.

The historian of scicnce has problems beyond even these. The work
of government is generally carried oul through the exchange of written
memos. and when verbal arguments are used (as in Congressional hear-
ings) detailed written transcripts arc maintained. These records are stored
in archives to insure that historians interested in government decisions will
have access to them. Historians of sciecnce do not have such advantages.
Much of the work of scicnce 1s done through informal conversations, and
the resulting written record is oficn sanitized o avoid offending competing
scientisls. The mmvaluable oral record is passed down [rom profcssor to
student rcpeatedly before anyone ever records it on paper. Naturally, the
storics fend to become better and better as they arc transmitted over and
over. [n addition. there is a tendency for the exciting siorics (o be repeated
and thc dull ones to be forgotten, leading to a4 Darwinian “survival of the
funnicst™ --- rather than of the most accurate.

Finally, oncc all the historical records have been siftcd and analyzed,
there rcmains the problem of overall synthesis and presentation. Many
scientific hisiorians (and cven more scientists) like to tell a story in which
each step follows naturally from the one preceding il, scicntists always
work cooperatively and selflessly, and where harmony rules.” Such stories
infuriate me. They remind me of the stock market analysts who come
onto television every evening and cxplain in detail the cause ol every dip
and curve in the Dow for the preceding day. If they know the stock
market so well, why do thcy wait until evening to tell me about it? Why
don't they tell me in thc morning so that it can do me some good? For
that matter. why are they on television at all. rather than out relaxing on
their million-dollar yachts? The fuact is that scientilic history, like the stock
market and like everyday life, docs not procecd in an orderly, coherent
pattern. The story of guantum mcchanics is a story full of serendipity,
personal squabbles. opportunitics missed and taken, and of luck both
good and bad.

Because 1 find the sugar-sweet storics of the harmonious development
of science to be so offensive. when | tcll the story I emphasize the conflicts,
thc contingencies. and the unprediciablitics. Henee the story 1 tell 1s no
more accurate than the sweet lalk, because | go too far in the opposite
direction. Kcep in mind, as you read the story that follows, that I suffer

* 1 told a story like this myself in section 18.2. “Evidence for the amplitude framework™, where 1
suggested thin discoveries in physics always result from the explovation of shotter kenpth scules,
In tacu discoverics also come from the exploration of longer lengih scales. of lower temperatures,
of greater complexity. and simply by nvestigating [amailiar phenomena in more derail.
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from this overreaction as well as all the other difficulties mentioned in this
seclion.

A.2  Stacus of physics: January 1800

In January 1900 the atomic hypothcesis was widely but not untversally
accepted. Atoms were considered point particles. and it wasn't clear
how atoms ol dudferent elements dificrcd. The electron had just been
discovered (1897) and it wasn't clcar where (or even whether} elcctrons
were located within atoms. One important outstanding problem conccerned
the colors emitted by atoms tn a discharge tube (familiar today as the light
from a fluorescent tube or from a neon sign), No one could understand
why different gas atoms glowed in different colors. Another outstanding
problem concerned the amount of heat required to change the temperaturc
of a diatomic gas such as oxygen: th¢ mcasured amounts were well below
the valuc predicted by theory. Because quantum mechanics i1s important
when applied to atomic phenomena, you might gucss that investigalions
mnto questions like these would give rise to the discovery of quantum
mechanics. Instead it came from a study of hcat radiation.

A.3 Heat radiation

You know that the coals of a campfire, or the coils of an electric stove,
glow red. You probably don’t know that even hotter objects glow white,
but this fact is well known to blacksmiths. When objects arc hotter stiil
thcy glow blue. (This 1s why a gas stove should be adjusted 10 make a blue
flame.) 1ndeed. objects at room temperature also glow {radiate), but the
radiation they emit i1s infrared. which i1s not detcctablc by the eve. (The
military has developed -  for usc in night warfare — special cyc scts that
convcrt infrared radiation to optical radiation.)

Thesc ohservations can be explained qualitatively by thinking ol heat
as a jiggling of atoms: like jello, hut on a smaller scale so that you can’t
scc the vibrations due to hcat. At higher temperaturcs the aloms jggle
both [arther and taster. The increcased distance of jiggling accounts for the
brighter radiation from hotter bodies. while the increascd speed aecounts
for the changc in color.

In the ycar 1900 several scientists were trying 1o turn these obscrvations
into a dctailed explanation of and a quantitatively accuratce formula for
the color of heat radiation as a function of temperature. On [9 October
1900 the Berliner Muax Planck (age 42) announced a formula that it the
experimental rcsults perfectly, yet he had no cxplanation for the forinula
— it just happened to fit. He worked (o (ind an explanation through the
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late fall and finally was able to derive his formula by assuming thal the
atomic jigglers could not takc on any possible energy, but only c¢ertain
spccial “allowed™ valucs. He announced this result on 14 December 1900.
This date 1s now considered the birthday of quantum mechanics (and there
15 certain to be a big celebration on its one hundrcdih anniversary} but at
the time no one found it particularly significant. We know this not only
from coniemporary reports, but also because the assumption of allowed
energy values raises certain obvious guestions that no onc bothered to
follow up. For example, how docs the pggler change from one allowed
cnergy to another if the intcrmcdiate energies are prohibited? Again, if
a jiggling atom can only assume certain alowed values of energy, then
there must also be resinctions on the positions and speeds that thc atom
can have. What are they? Planck never tried to find out.
Thirty-onc ycars after his discovery Planck wrote;

I can characterize the whole procedure as an act of despera-
tion, since, by nature [ am peaceable and opposed to doubtful
adventures. However. I had alrcady fought for six years (since
1894) with the problem of cquilibrium between radiation and
maticr without arriving at any successful result. | was aware
that this problem was of fundamcntal importance in physics,
and I kncw the formula describing the energy distribution .
hence a theoretical interpretation had to be found at any price,
howcver high it might be.

1t should be clear from what | have already said that this is just a beautiful
and romantic story thal was developed with good thirty-vear hindsight.
Here is another wonderful story, this one related by Werner Heisenberg:

In a period of most intensive work during thc summcer of 1900
{Planck] finally convinced himsclf that thcre was no way of
escaping from this conclusion [of “allowed™ cnergics]. It was
told by Planck’s son that his father spoke to him about his ncw
ideas on a long walk through the Gruncwald, the wood in the
suburbs of Berlin. On this walk he cxplaincd that he felt he
had possibly made a discovery of the first rank, comparablc
perhaps only to the disceveries of Newton.

As much as | would like for this beautiful story to be true, the intensive
work took place during the latc fall. not thc summer, of 1900. If Planck
did indeed takce his son for a long walk on the afternoon that he discovered
quantum mechanics. the son would probably remember the nasty cold he
caught better than any remarks his father made.
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A.4 The old ynantumn theory

Although the idcas of Planck did not take the world hy storm, they
did devclop a growing following and were applied to more and more
situations. The resulting ideas, now called “old quantum theory™, were all
of the same type: Classical mechanics was assumed to hold. but with the
additional assumption that only certain valucs of a physical quantity (the
encrgy, say, or the projection of a magnctic arrow) were allowed. Any
such quantity was said to be “quantized™. The trick seemed to be to guess
the right quantization rules for the situation under study. or to find a
gencral set of quantization rules that would work for all situations.

For cxample, in 1905 Albert Einstein {agc 26) postulated that the total
encrgy of a beam of light is quantized. Just onc year laicr he uscd
quantization idcas to explain thc heat/temperature puzzle for diatomic
gases. Five vears aflter that, in 1911, Arnold Sommerfeld (agc 43) at
Munich began working on the implicatiens of energy quantization for
posttion and speed.

In the same year Ernest Rutherford (age 40), a New Zealander doing
cxperiments in Manchester, England, discovered the atomic nuclcus -
only at this relatively late stagc 1n the development of quantum mechanics
did physicists have even a qualitatively correct picturc of the atom? In
1913. Niels Bohr (age 28), a Dane who had rccently worked in Rutherford’s
laboratory, introduced quantization ideas tor the hydrogen atom. His
theory was remarkably successful in explaining the colors emitted by
hydrogen glowing 0 a discharge tube, and it sparked cnormous interest
in dcveloping and extending the old quantum theory.

This devclopment was hindcred but not halted completely by the start
of the First World War in 1914. During the war (in 1915) William Wilson
(age 40, a naiive of Cumberland, England, working at King's College
in London) made progress on the implications of cnergv quantization
for position and speed, and Sommerfeld also continued his work in that
direction.

With the coming of the armistice in 1918, work in quantum mechanics
cxpanded rapidly. Many thcories were suggestcd and many experiments
performed. To cite just one example. in 1922 Otto Stern and his graduate
student Walther Gerlach (ages 34 and 23) perform¢d their important
expcriment that is so essential 10 the way this book presents quantum
mcchanics. Jagdish Mehra and Helmut Rechenbcerg, in their monumental
history of quantum mecchanics, describe the situation at this juncture well:

At the turn of the year from 1922 to 1923. the physicists looked
forward with enormous enthusiasm towards detailed solutions
ot the outstanding problems, such as the helium problem and
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the problem of thc anomalous Zceman effects. 1Towever, within
less than a year, the investigation of thcse problems rcvealed
#n almost completc [ailure of Bohr's atomic theory.

A.S The matrix formulation of quanturn mechanics

As morc and more situations were cncountered, morc and more recipcs
for allowed values were rcquired. This development took place mostly
at Nicls Bohr’s Institutc for Theoretical Physics in Copenhagen, and at
the University of Gottingen in northern Germany. The most important
acters at Gottingen were Max Born (age 43, an established professor)
and Werner Hciscnberg (age 23. a freshly minted Ph.D. from Sommertfeld
in Munich). According to Born “At Goéttingen we also took part in
the attempts to distill the unknown mechanics of the atom out of the
experimental results. ... The art of guessing correct formulas ... was
brought to considerable perfcction.™

Hciscnberg particularly was interested in general mcthods for making
guesscs. He began to develop systematic tables of aliowed physical quan-
titics, be they energies, or positions, or speeds. Born looked at these tables
and saw that they could bc interpreted as mathematical matrices. Fifty
ycars later matrix mathematics would be taught cven in high schools.
But in 1925 it was an advanced and abstract technique, and Heisenberg
strugglcd with 1. His work was cut short in June 1925. As Mehra and
Raechcnberg describe it:

This was late spring in Gottingen, with fresh grass and
flowering bushes, and Heisenberg was interrupted in his work
by a scvcre attack of hay fever. Sincc he could hardly do
anything, he had to ask his dircctor, Max Born, for a leave
of about two weeks, which he decided to spend on the rocky
island of Helgoland 1o cffcet a cure.

On 7 June 1925 ileiscnberg took the night train from Got-
tingen to Cuxhaven wherc he had (o catch the ferryboat for
Helgoland in the morning. On arrival at Cuxhaven, *1 was
extremcly tired and my facc was swollen. 1 went to get breakfast
in a small inn and the landlady said, ‘You must have had a
preity bad night. Somebody must bave beaten you.” She thought
I had had a fight with somebody. T told her that | was ill and
that | had to take thc boat, but shc was still worned about
me.” A fcw hours later he rcached Helgoland.

Helgoland, a rocky island in the North Sea. consists of a
mass of red sandstone, rising abruptly to an elevation of about
160 teet, and therc is nearly no vcgetation on it. [It has an
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area of about 380 acres and u permanent population of several
hundred inhabitants. On the lower section of the island lies
a {ishing village. while the upper section serves as a summer
resort for tourists. ... From 1482 to 1714 it tormed a part
of Schleswig-Holstein, then becamc Danish until it was seized
by thc English fleet in 1807. It was formally ceded to Great
Britain in 1814. Britain gave it to Germany in exchange for
Zanzibar and somc territory in Africa (1890). Helgoland was an
important base (or the German Navy. In accordance with the
Trealy of Versailles the military and naval fortifications were
demolished in 1920-1922. Undcr the Naza regime Helgoland
again became a military stronghold and was a targct for hcavy
Allied bombing towards the end of World War Il. From 1947 to
1 March 1952, when it was handed back to Gerimany, the island
was used as a bombing range by the Royal Air Forcc. Then it
was restored as a tourist and fishing center,] Heiscenberg rented
a room on the second floor of a house situated high above the
southcrn edge of the island, which offered him a “gorious view
over the village, and thc dunes and the sea bcyond.” “As I
sat on my balcony,” he rccalled more than forty years later, *1
had ample opportunity to reflect on Bohr's remurk that part
of infinity secms to lic within the grasp of those who look
across the sea.” He bcgan to take walks to the uppcr end
of the island and swam daily in the sea. Soon he felt much
better. and he began to divide his time into three parts. The
first he still used for walking and swimming: the sccond he
spent in reading Goethe's West-Ostlicher Divan; and the third
he devoted to work on physics. Having nothing elsc to distract
himi, he could rcllect with great concentration on the problems
and difhiculties which had been occupying him until a few days
earlier in Goétlingen.

Hcisenberg reproduccd his earlicr work, clcaning up the mathcmatics
and simplifying the formulation. He worricd that the mathematical schemce
he invented might prove to be inconsistent, and in particular that it might
violate the principle of the conservation of energy. In Heisenberg’s own
words:

Onc evening | reachcd the point wherc 1 was ready to
detcrmine the individual terms in the energy table. or, as we put
it today. in the energy matrix, by what would now be considered
an extremely clumsy scries of calculations. When the first terms
seemed 10 accord with the cnergy principle, I became rather
excited, and I began to make countless arithmetical errors. As
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a resuit, it was almost three o’clock in thc morning before the
final result of my computations lay beforc me. The energy
principle had held for all the terms, and 1 could no longer
doubt the mathcmatical consistency and cohcrcence of the kind
of quantum mechanics to which my calculations pointed. At
first, | was deeply alarmcd. I had the fecling that, through
the surface ol atomic phenomena, 1 was looking at a strangely
beautiful interior, and felt almost giddy at the thought that 1
now had to probe this wealth of mathematical structures nature
had so gencrously spread out before me. | was far too excited
to sleep, and so, as a new day dawned, 1 madc for the southern
tip of the island, where I had bcen longing to climb a rock
jutting out into the sea. I now did so without too much trouble,
and wailed for the sun to rise.

By the cnd of the summcr Heisenberg, Born, and Pascual Jordan (age 22)
had devcloped a complete and consistent theory of quantum mcchanics.
(Jordan had entered thc collaboration when he overheard Born discussing
quantum mcchanics with a colleague on a train.)

‘This theory, called “matrix mechanics™ or “the matrix formulation of
quantum mechanics™, is not the theory [ have presented in this book. It
is extremely and intrinsically mathematical, and cven for master mathe-
maticians it was difficult to work with. Although we now know it to be
complcte and consistent, this wasn't clear until much later. Heiscnberg
had becn keeping Wolfgang Pauli apprised of his progress. (Pauli, age 25,
was Heiscnberg’s friend from graduatc student days, when they studied
together under Sommer(eld.) Pauli found the work too mathematical for
his tastes, and called it “Gottingen’s deluge of formal learning”. On 12
October 1925 Heisenberg could stand Pauli’s biting criticism no longer.
ltc wrote to Pauli:

With respect to both of your last lctters I must prcach you a
sermon, and beg your pardon [or proceeding in Bavarian: It
is really a pigsty that you cinnot stop indulging in a slanging
mitch. Your eternal reviling of Copenhagen and Gottingen
is a shricking scandal. You will havc to allow that, in any
case, we are not sccking to ruin physics out of malicious intent.
When you reproach us that we arc such big donkcys that we
have ncver produced anything new in physics, it may well be
true. But then, you are also an equally big jackass becausc you
have not accomplished it either...... (The dots decnote a cursc
of about two-minute duration!) Do not think badly of me and
many greetings.
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A.6 The wavcfunction formulation of guantum mechanics

While this work was going on at Gottingen and Helgoland. others werc
busy as well. In 1923 Louis dc Broglie (age 31). associaled an “internal
periodic phenomenon™ - a wave — with a particle. Hc was never very
precise about just what that meant. (De Broglic is somctimes called “Prince
de Broglic” becausc his family descended from the French nobility. To he
strictly correct, hewever, only his eldest brother could cluim the title.)

It fcll to Erwin Schrodinger. an Austrian working in Ziirich, to build
this vaguc idea into a thcory of wave mechanics. He did so during
the Christmas season of 1925 (at agc 38), at the alpinc resort of Arosa.
Swilzerland, in the company of “an old girlfriend [from] Vicnna”, while
his wife stayed homc in Ziirich.

In short, just {wenty-five years after Planck glimpsed the first sight of
a ncw physics, there was not onc, but two compelting versions of that
new physics! The two versions sccmed utterly diff erent and there was an
acrimonious debate over which one was correct. 1n a footnote to a 1926
paper Schradinger claimed to be “discouraged. if not repelled” by matrix
mcchanics. Meanwhile, Heisenberg wrote to Pauli (8 Junc 1926) that

The more | think of the physical part of the Schrodinger theory,
the more detestabic | find it. What Schrodinger writes about
visualization makes scarcely any sense, in othcr words [ think
it is shit. The greatest rcsult of his theory is the calculation of
matrix clements.

Fortunately the dcbate was soon stilled: in 1926 Schrodinger and, in-
dependently, Carl Eckert (age 24) of Caltech proved that thc two new
mechanics, although very different in superficial appcarance. were equiv-
alent 1o each other.t (Pauli also proved this, but ncver published the
result.)

A.T Applications

With not just onc, but two completc formulations of quantum mcchanics
in hand, the quantum thcory grew cxplosively. It was applied to atoms.
molecules, and solids. It solved with ease thc problem of helium (see
page 123) that had dcfeated the old quantum theory. It resolved qucstions
concerning the structure of stars, the naturc of supcrconductors, and
the properties of magnets. (ne particularly mmportant contributor was

* Very much as the provess of adding arabic numerals is very different from the process of ackding
roman numerals, but the two processes neverrtheless always give the same resull (see problem 8.2).
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P.A.M. Dirac, who in 1926 (at age 22) exlendcd the theory to relativistic
and field-theoretic situations. Another was Linus Pauling. who in 1931 (at
age 30) devcloped quantum mechanical ideas to cxplain chemical bonding,
which previously had been understood only on empirical grounds. Even
today guantum mechanics is being applicd to new problcms and new
situations, It would be impossible to mention all of them. All T can say is
that quantum mechanics. strange though i1t may be, has been tremcndously
successful.

A.8 The Bobhr—Einstein dcbate

The extraordinary success of quantum mechanics i applications did not
overwhelm everyonc. A number of scientists, including Schrdinger. de
Broglic, and — most prominently — Einstein, remainced unhappy with the
standard probabilistic interprctation of quantum mechanics. In a letter to
Max Born (4 December 1926), Einstein made his famous statement that

Quantum mechanics i1s very impressive. But an inner voice tells
me that it is not yet thc rcal thing. The theory produces a good
deal but hardly brings us closer to the secret of the Oid One. |
am at all events convinced that He docs not play dice.

In concrete terms. Finstein’s “inner voice™ led him, until bhis dcath. to issue
occasional dclailed critiques of quantum mechanics and its probabilistic
interpretation. Niels Bohr underiook to reply to these critiques, and the
resulting exchange i1s now called th¢ “Bohr Finstein dcbate”. Al onc
memorablc stage of the dcbate (Fifth Solvay Congress, 1927), Einstein
made an objcction similar to the one quoted above and Bohr

replied by pointing out thc great caution, already called for
by ancicnt thinkers, in ascribing attributes to Prowvidence in
every-day language.

These two statements arc often paraphrased as, Einstcin to Bohr: “God
does not play dice with the universe.” Bohr to Einstein: “Stop telling God
how o behave!™ Whilc the actual exchange was not quitc so dramatic and
quick as the paraphrasc would have it, thecre was neverthcless a wonderf ul
rejoinder from what must have been a severely exasperated Bohr.

The Bohr-Einstcin debate had the benefit of forcing the crcators of
quantum mechanics (o sharpen their reasoning and facc the consequences
of their theory in tts most starkly non-intuitive situations. It also had
(:n my opinion) onc disastrous conscqucnce: becausc Einstein phrascd
his objections in purely classical terms. Bohr was compelled to reply in
ncarly classical terms, giving the impression that in quantum mcchanics.
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an electron is “really classical”™ but that somehow nature puts limits on
how well we can detcrmine those classical properties. 1 have tricd in this
book to convince you that this is a misconception: the reason we cannot
measure simultaneously the exact position and speed of an electron is
because an clectron docs not have simultancously an cxact position and
speed. It is no defect in our mcasuring instruments that they cannot
measurc what does not exist. This is simply the character of an electron

an electron is nor just a smaller. harder edition of a marble. This
misconceplion  this picture of a classical world undcrlying the quantuin
world poisoned my own understanding of quantum mechanics for
years. | hope that you will be able to avoid it.

On the othcr hand, the Bohr Einstein debate also had at least one
salutary product. In 1935 Einstein, in collaboration with Bors Podolsky
and Nathan Roscn, invented a situation in which the results of quantum
mechanics seemcd completcly at odds with common sense, a situation
in which thc measuremcnt of a particle at onc location could reveal
instantly information about a sccond particle far away. The three scientists
published a paper which claimed that “No reasonable dcfinition of reality
could be expected to permit this.” Bohr produced a reconditc responsc and
the issue was forgottcn by most physicists, who were justifiably busy with
the applications of rather than the foundations of quantuin mechanics. But
the ideas did not vanish entirely, and they cventually raised the interest
of John Bell. In 1964 Bell used the Finstein-Podolsky—-Rosen situation to
produce a theorcm about thc results from certain distant mcasurements
for any deterministic schemc, not just classical mcchanics. In 1982 Alain
Aspect and his collaborators put Bell’s theorem to the test and found that
nature did mdeed behave in thc manner that Einstein (and others!) found
SO counterintuitive.

A.9 The amplitude formulation of quantum mechanics

The version of quantum mechanics presentcd in this book is neither matrix
nor wave mecchanics. It is yct another formulation. different in approach
and outlook. but fundamentally equivalent to the two formulations al-
ready mentioned. It is called amplitude mechinics (or “the sum over
histories technique™, or “‘the many paths approach™, or “thec path mtcgral
formulation”. or *'th¢ Lagrangian approach®, or “the method of Icast
action™), and it was developed by Richard Feynman in 1941 while he was
a graduate student {age 23) at Princeton. Its discovery is well described
by Fevnman himself in his Nobcl lecture:

I went to a beer party in the Nassau Tavern in Princeton.
There was a gentleman, newly arrived from Europc (Herbert
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Jehle?) who came and sat next to me. Europcans are much morc
serious than we are in America because they think a good place
to discuss intellectual matters is a beer party. So he sat by me
and asked, “What are you doing™ and so on, and I said. “I'm
drioking becr.” Then T realized that he wanted to know what
work I was doing and | told him I was struggling with this
problem, and 1 simply turned to him and said “Listcn, do
you know any wayv of doing quantum mechanics starting with
action - where the action integral comes into thc quantum
mechanics?' “*No,” he said. “but Dirac has a paper in which
the Lagrangian, at least, comes into quantum inechanics. I will
show it to you tomorrow.”

Next day we went to the Princeton Library (they have littlc
rooms on the side 10 discuss things) and he showed me this
paper.

Dirac’s short paper in the Physikalische Zeitschrift der Sowjetunion
claimed that 3 mathematical tool which governs the timc¢ development
of a quantal system was “analogous™ to the classical Lagrangian.

Profcssor Jehle showed me this; I read it: he explained it
to me. and 1 said, “"What does hc mean, they are analogous:
what does that mean. analogous? What 1s the use of that?”
He said, “You Americans! You always want to fnd a use for
cverything!” 1 said that [ thought that Dirac must mcan that
thcy were equal. “No.” he explained. “hc doesnt mean they are
equal.” “Well.” | said. “lct’s see what happens if we make them
cqual.”

So., I simply put them equal. taking the simplest example

. but soon found that 1 had to put a constant of propor-
tionality A in, sujtably adjustcd. When [ substituted ... and
just calculated things out by Taylor-scrics cxpansion, oul came
the Schrédinger cquation. So 1 turned to Professor Jchle, not
really understunding, and said, “Well you see Professor Dirac
mcant that they were proportional.” Professor Jehle's cycs were
bugging out he had takcn out a httle notcbook and was
rapidly copying it down [tom the blackbourd and said, “No,
no, this is an importunt discovery.”

Feynman’s thesis advisor, John Archibald Whecler (age 30), was cqually
impressed. Hce believed that the amplitude formulation of guanium me-

% Jetle bad been a student of Schridinger in Berlin, and was in Princeton Heeing the Nazis. He
was a Quaker and had survived prison camps in hoth Germany and Frawe
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chanics — although mathcmatically equivalent to the matrix and wave
formulations - was so much more natural than the previous formulations
that it had a chance of convincing quantum mechanics’s most detcrmined
criiic. Wheeler writes:

Visiting Linstein one day. I could not resist tclling him
aboul Feynman's new way to express quantum theory. “I"eyn-
man has found a becautiful picture to undcrstand the probability
amplitude for a dynamical systcm to go from onc specitied con-
figuration at one timc (o another specified configuration at
later time. He treats on a footing of absolute cquality every con-
ceivablc history that leads from the initial statc (o the final one,
no matter how crazy the notion in between. The contributions
of these historics differ not at all in amplitude. only in phase. ...
This prescription reproduccs all of standard quantum thcory.,
How could one cver want a simpler way to see what quantum
theory is all about! Doesn’t this marvelous discovery makc you
willing to accept the quantum theory, Professor Einstcin?” He
replicd 1n a serious voice, “1 still cannot believe that God plays
dice. But maybe”, he smiled, “I have earned thc right to make
my mistakcs.”
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Putting Weirdness to Work

According to Charles de Gaulle, Napoleon's military genius lay in his
ability “to grasp the situation, to adapt himself to it, and to exptoit it
to his own advanlage”™ Most of this book has treated the first two of
these stcps: learning what guantum mechanics 1s and how to work with
it, whether we like it or not. This appendix moves on to the third step of
exploitation.

The applications of quantum mechanics arc myriad. Quantum mcchan-
ics underlies all chemical and biochemical reactions. the design of drugs
and of allovs. and thc generation of medical X-rays. It is esscntial 10
the laser. to thc transistor, and 1o a scnsitive detector of magnctic Geld
called the SQUID (Superconducting QUantum Interference Device). But
for the purposes of this book, it is usetul to focus on only three of these
applications: quantum cryptography, tunncling applications. and quantum
computers. The first of these was trcatcd in chapter 13; this appendix
describes the second and third. These descriptions are segregated into
an appendix becausc | don't know how to trcal them thoroughly at the
mathcmatical level of this book. Conseqguently, the trcatments here are
more dcscriptive and less analvtic than the treatments in the chapters.

B.l  Tunneling

A classical ball rolls in a bowl. Can the ball cscape? As the ball rolls up
the sidc of the bowl, it slows down. I[ the ball has enough energy, it will
slow down but not stop. and hence can make it over the side and out. A
ball with a low cnough energy will always remain inside the bowl.

Is there any diffcrecnce if we use & quantal ball? In this case, as we havc
scen, the ball might not have a definite position, so thcre are situations
in which it bas some amplitude for being inside the bowl and some
amplitude lor being outside the bowl It is also truc (although we have
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not demonstrated this) that the ball might not have a definite energy, so
there are situations in which the average cncrgy is too small for the ball
to cscape, but yet there is some amplitude for the ball to have enough
cnergy to escape. Thus it can happen that a quantal ball starts well
inside the bowl with an average energy too small for classical escape, yet
ncverthceless the ball escapes. This process is called tunncling, because it
is 2 way Lo get out of a barrier without going over the barrier. {The name
unfortunately suggests that the quanial ball bores a hole through the side
of thc bowl. It doesn’t — thc bowl 1s unaltered.)

Are there any practical applications {or tunneling? Prisoners might hope
to tunnel through the walls of their jail cells, but this is not a practical
application: thc probability of tunnelmxg through a barricr dccreascs
dramatically with the thickness of the barrier. But this same feature that
makes tunneling impractical tor prison escape is essentitl tor a device
that locates atoms. In this device a thin needle moves across the surfice
of a sample. Electrons can tunncl from the ncedle to the samplc. but
only If the two arc very close. In this way, a very precise picturc of the
sample's surface can be build up. This device. called a “scanning tunncling
microscopc”, can casily locatc individual atoms.

Tunneling is also important in the decay of atomic nuclei, [or an esoleric
electronic component called the “tunnel diode™, and as a possible mecha-
nism for superconductivity at high temperaturcs. My favorite application
of tunncling, howecver, is far from recondite.

The sun produces light energy through a series of nuclear reactions.
The f{irst step in this series is that two protons come very close lo each
other and react to form a proton and neutron bound together, plus a
positron, plus a neutrino. If you don’t know what 4 positron 1s, don't
worry. The important thing is that the two protons have to come close
togcther. But the two protons have the sanic clectric charge, so they repel
each other strongly. Calculations based on classical mechanics predict that
this reaction would happen so slowly that almost no light would come
from the sun. A correct calculation based on quantum mechanics shows
that one proton tunnels through the barrier of repulsion separating the
two, and allows the reaction to proceed.

Quantum mechanics applies 10 the domain of the very small. but
sometimes small things have big consequences. Sunshine itself iy generaled
through thc workings of guantum mecchanics.

B.2 Quaatum computers

Notl so many ycars ago, il was customary to intcrprct the Heiscnberg un-
certaintly principle as a hmitation on information: “In classical mechanics
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one can know a particlc’s position and its speed exactly, but in quantum
mechanics onc cannot have this complete information.” This is quite the
wrong attitude. In fact, onc may have completc information concerning
cither a classical state or a quantal state, but the inf ormation s different in
the two cases. Consider, for example, a single bead strung on a [ixed wire.
In classical mechanics, the bead’s state 1s specified by listing its position
and its spced: two numbers. In quantum mechanics, the bead’s state is
specified (sce chapter 15, “The wavefunction™) by listing the amplitude
for it Lo be at any of the points along thc wire. Since there are an infinite
number of points en the wire, and sincc the amplitude at each point is
specified through two numbers (a magnitude and an angle). specifying a
quantal state actually requircs considerably more information than does
specilying a classical state.

In shorl, the information nceded to specify a quantal state is not only
difterent in character from the information needed to specity a classical
state, but 1t is also much larger in quantity. Thus there are many more
quantal states than there arc classical states for the same system. This
fact is a source of both delight and difficulty. The delight stcms from
thc great richness and variety of quantal behavior, a varicty lacking in
the classical domain simply hecause therc are many more ways Lo be
quantal than there are ways to be classical. The difficulty lies in the fact
that calculations involving quantal systems ncecssarily process a lol more
information than thosc involving the corresponding classical system, and
thus are usually more difficult to perform. A computer program simulating
a quantal system will almost always run slower than onc simulating thc
corresponding classical system: the quantum simulation simply has more
information to keep track of.

For many years, this was regarded as an unpleasant but unavoid-
able fact of scicntific life. Then, in the 1980s, three scientists {Paul
Benioff, Richard Feynman, and David Deutsch) realized that this difhi-
culty could be profitably turned around. TInstead of complaining about
the problems of simulating quantum mcchanics using classical comput-
ers, couldn’t we build computers out of quantal systems? The richness
of quantum mcchanics might then allow such “quantum computers™ to
accomplish morc tasks faster than their classical counterparts. For ex-
ample, in a conventional computer thec memory consists of many storage
locations that can be sct to either “1” or 0", and the proecssor consists
of many switches that can be either “up” ot “down”. But a quantal
system — such as the magnetic ncedle of a silver aton1 — cun be either
“up” (m, = +mg), or “down” (m; = —mg), Or In an infinite numbcer
of other possibilities. Pieces of a quantum computer can inlerfere or
becomc cntangled. options that are not available 1o the components of
classical computers. Can this flexibility be harnessed to make quantal
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storagc locations or switches that work harder than their classical coun-
terparts?

The answer to this qucstion is “yes”. For example, in 1997 Lov Grover
showed how a quantum computer could eutperform a classical computer
in scarching through an unordered list. Supposc. for instance. that you
wanted some intormation and you knew it was contained in one of ten
million possiblc World Wide Web sites. Il a computer could examinc onc
Web site per second, then a classical computer would nccd on average
five million seconds - two months — to find the desired site. A similar
quantum computer would [ind it in forty-two minutes. In 1998 Chuang,
Gershenfeld, and Kubinec built a4 quantum computer that implcmented
Grover’s idea, but the computer could not search through a list of ten
tnillion possibilities; it was restricted to lists of four ilems,

Many issues, both tundamental and technical, must be resolved before
the quantum computer becomes more than a laboratory curiosity. Quan-
tum computers may lead soctety into an information rcvolution that will
make the classical computer revolution look like a ripple. Or the whole
idea might just lizzle. But in etther case quantum compuling tllustrates
that the quantal domain is fundamcntally different from the classical do-
main, offering up a set of possibilitics so various, so beautiful, so new,
that thcy demand 4 fresh picture of this extraordinary universe. our home.
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General Questions

Many chapters in this book arc followed by problems (scc page 10) that
pertain spccilically Lo that chapter. This appendix contains questions
of a morc gencral characicr. These questions are designed either to
consolidatc your understanding or to extend your knowledge. The lailter
sort of question will require further study. such as through reading books
listed in the references. But answering the questions will generally require
considerable analytic thought and not just parroting a book from the
library.

D.1 Is God a deceiver? A central element of René Descartes’s philosophy
ts that we can usually trust our scnsual perceptions because God is
not a deceiver. The macroscopic world seems to obey the determin-
istic laws of Newton, yet quantum mechanics maintains that this is
just an appearance: the actual laws of physics are probabilistic not
deterministic. Does this mean that Descartes was wrong and that
(30d 1s a decelver?

D2 Is quantum mecharnics reatly strange? Throughout this account (be-
ginning with its title) I have emphasized that | find quantum me-
chanics 10 be sirange. My question here: Is quantum mechanics
intrinsically wcird. or do I find it wcird only becausc of the way 1
was brought up? For cxamplc, in thc Middlc Agcs most pcoplc were
brought up believing the earth to be ilat. The round earth model
must have seemed extraordinarily strange to them when it was first
broached. {(For example. it must have seemed paradoxical that you
could travc] always duc cast and yct cventually arrive back at your
starting point.) Yet today even children find nothing unnatural about
the round earth because they have heard about it from infancy.

Another example comes from chemistry. foseph Black (1728—-1799)
discovered carbon dioxide and a number of basic chemical lacts.
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Soon after Black’s death, one of his contemporarics wrote in aston-
ishient that

He had discovered that a cubic inch of marble consistcd
of about hall its wcight of purc lime, and as much air
as would fill a vessel holding six winc gallons. ... What
could be morc singular than to find so subtle a subsiance
as air existing in the form of a1 hard stone, and its presence
accompanicd by such a change in the propertics of that
stone? ... It 1s surely a dull mind that will not be animated
by such a prospect.

Today, few people consider simple chemical rcactions to be *'singu-

”»

lar™.

So what's the truth? Is quantum mechdnics quite natural, but we
were brought up to think otherwise? Or arc chemical rcactions in
fact remarkablc, but we were raised 1n a prosaic era?

Layers of explanation. In section 2.4 (page 9) I argued thar the idea
of explanation implied cxplanation in terms of more fundamcntal
ideas, and that the most fundamental ideas could only be described
and not explained. It was once thought that thesc deepest, simplest,
most fundamenial 1deas ought to be “scif evident™. The fundamcnial
ideas prescnted in this book have been very far from sell evident, Is
this a defect in the 1dcas presented here or a defect in the supposition
of self evidence? (From the point of view of biological cvolution,
does it makc sense that our brains should be hardwired to apprcciate
atomic phcnomena?)

Learning about quantum mechanics. Describc vour expcrience of
learning about guantum mechanics. What motivated you to read
this book? What questions did you have whcn you started i1? Were
those motivations satistied and those questions answered? Did you
learn thc material by stcady accumulation, or werc there certain mo-
ments (“flashes of insight™) when you suddenly came to understand
large chunks of material that had been roving unproccssed about
your mind? Different people Icam 11 differcnt ways. Which teach-
ing techniques (lecture. conversation, rcading, problem solving, (ilm
viewing, running computer simulations. etc.} do you think would be
most effective for you in learning quantum mechanics? Is this the
samc answer that you would give for leaming about. say, literaturc?
Has this book changed your idea of the concept of “understanding™
in science? What is your impression of your currcnt understanding
of quantum mechanics? (For example are you conlused, disgusted,
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fascinated. satiated. all of the above?j Which unanswered questions
arc most imporlant to vou”? Do you scec any way that you can satisfy
your continued curiosity”’

Rephrasing quantum mechanics. Rewrite a section or a chapter of this
book in vour own terms. Make it clearcr. or morc correct, or more
interesting than what | wrote. Explain briefly why vour version is
supcrior to mine. (Please send the author a copy of your revision
and vour explanation.)

Can all authors be trusted? In his book Beyond the Quantum (Macmil-
lan, Ncw York. 1986) Michacl lalbot writes that the Aspect experi-
ment forces the conclusion that “either objective reality does not exist
and it i1s meaningless for us to speak of things or objects as having
any reality above and beyond the mind of an observer, or laster than
light communication with the [uture and the past is possible™. (By the
first alternative, he means standard guantum mechanics.) {s either
branch of this dichotomy correct. or even internally consistent?

What does “fundamental” mean? Michacl Horne and Anton Zeilinger
(two of the proposcrs of the Greenberger—Horne—Zeilinger experi-
ment) write that

the greatest problem ... ® to understand “why quantum
mcchanics?” Shouldn’t a theory as fundamentally imper-
tant as quantum mechanics follow from something deeper?
We suggest that the fundamental elcinents of quantum me-
chanics may follow from a careful analysis of what it means
to observe, to collect data, and to order them in such a way
that physical laws can he constructed.

In section 2.4 of this book (pagc 9) 1 look cxactly thc opposilc
positon, arguing that, by definition, a fundamental theory 1s one for
which such questions cannot be answered. Which position, if either.
do vou support? Justify your prefcrence.

New, bizarre, or both? In 1877, chemists were just beginning to Icarn
how the arrangement of atoims within molecules could be deduced
from chemical information. The distinguished chemist Hermann
Kolbe called such attempts ‘““hallucinations ... not many degrees
removed from a beliel in witches and from spirit-rapping™. In 1980,
distinguished physicist ET. Jaynes refcrred to standard quantum
mechanical ideas (such as those presented in this book) as “a violent
irrationality ... more the character of medieval necromancy than
science”. What are your own reactions to quantum mechanics at this
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stage’? Do you believe that Jaynes’s reaclion is morc a rejection of
the ncw and different or a rejection of the irrational? What of your
own reaction?

Quantum mechanics and Eastern mysicism. In the 1970s t(wo books
appeared conccrning the rclation between quantum mechanics and
mystical aspects of Eastern religion. These were Fritjof Capra’s The
Tae of Physics (Bantam, New York, 1975) wrtten by a physicist,
and Gary Zukav’'s The Dancing Wu Li Masters (Bantam, New York,
1979) written by a journalist. Read the twa books and compatc their
treatments of both physics and religion. Can you tind any erross in ci-
ther book? To what extcnt can the differences in outlook and content
of the two books be attributed to the professions of the two authors?

D.10  Eff ect of quantum mechanics on culture. What effect hay the discov-

D.ll

ery of quantum mechanics had on broader human cuiture, such as
philosophy, literature, politics, or popular thought? Are thesc effects
duc mostly to quantum mechanics or to misconceptions concerning
quantum mechanics”

Etymology. tow did thc subject of this book come to be called
“quantum mechanics™? After all, the word mechanics is usually
associated with other activities. (Cartoon below courtcsy of Sidney
Harris.)

Perumny | STagied oI s Quartom
MECVANRLS, RUT ScalaireQe Alern G
o WY | Toox A wronte TURN. °
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Skeleton Answers for Selected Problems

Be sure 10 read page 10 about the philosophy behind active lecarning and
problem solving before using these skeleton answers.

2.1, Large force directed downward, small force directed down-
ward.

22, A>B=D>C,

2.3, 2800 miles.

24. —0.38 inches.

2.5, Infinitc number, all perpendicular to the arrow.

3.1. All of the atoms would leave at one detlection correspond-
ing to a large posilive projection.

4.1. (a): 3 inches, (b): —3 inches, (c), (d). and (e): ® inches, (f):
3/~2 = 2.121 inches.

4.2. They would all leave the — exit.

4,3. Because of the qualifier “'in general™, the claim is consistent
with situations in which the probability of one outcome is
I and thc probability ol all the other outcomes 1s 0.

4.4. (2).

4.5. All —. Hall + and half —.

4,6. Not at all.

4.7. No.

4.38. 3/4.

49. 1/2.

4.10. 3/4, 1 /4.

4.13. Tn both cases. "It just is correct. | can tell you about
expcriments which show that il is correct, bul T can’t say
why it 1s correct.”
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5.1. 1/72.

5.2. 1/10.

53. 5/6.

5.4. (a), (b), and (c): 1/2°, (d): 10/2'°.

55. (a), (b), and {c): 1/2.

5.6. (c): 5/8,6/8.

5.7. Hint: “Thirty days hath Septembcr ...™

59. (a): 1/(25 x 10'3), (b): 1/{5 x 10%), (c}: S1/(5 x 10%),
(d): (52 x 51/2)/(5 x 10%).

6.3. 1/4.
6.4. 7/9.

8.1. Length 12.07 inches. direction 1:30 or “northeast™.

8.2. Either "all of them™ or "none of them” are acceptablc
answers.

9.1. These phenomena happen cven when only one atom is
present in the apparatus.

9.2. (a): /4. (b): 1/4, (c)

9.3, 50%., 50%., 0%, 100%, 50%. 0%. 50%. 0%, 12.5%.

9.6. (1) Measurement means someone looks. (2) An elcctron
1s a marble with a definite position. that goes through one
holc or the other but neither you nor nature knows which.

10.2. If an atom’s position were always dcfinite. thecn quantal
interference (experiment 9.3) would be much worse than a
puzzle. it would be a logical contradiction. We are able to
regain logical consistency only by abandoning the mental
picture of an atom as a small, hard marble.

11.2. 1/2,1/2, 0.
4. 1/4.

14.1. Ycs, yes, no, no, ne.

15.1. “Betlween rclease and detection, the clectron is not at any
point, because it docsn’t have a posilion. Instead, it his
amplitude to be at cach of many points.”
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